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ÀÍÎÒÀÖIß

Ñèçîí I. À. Ðîçïîâñþäæåííÿ íåëiíiéíèõ ñïiíîâèõ õâèëü â øàðóâàòèõ

àíòèôåðîìàãíåòèêàõ, ðîçäiëåíèõ ìåòàïîâåðõíÿìè. � Êâàëiôiêàöiéíà íàóêîâà

ïðàöÿ íà ïðàâàõ ðóêîïèñó.

Äèñåðòàöiÿ íà çäîáóòòÿ äîêòîðà ôiëîñîôi¨ çà ñïåöiàëüíiñòþ 104 Ôiçèêà

òà àñòðîíîìiÿ. � Íàöiîíàëüíèé òåõíi÷íèé óíiâåðñèòåò Óêðà¨íè ¾Êè¨âñüêèé

ïîëiòåõíi÷íèé iíñòèòóò iìåíi Iãîðÿ Ñiêîðñüêîãî¿, Êè¨â, 2025.

Äèñåðòàöiéíà ðîáîòà ïðèñâÿ÷åíà ïîáóäîâi ãðàíè÷íèõ óìîâ äëÿ âåêòîðà

àíòèôåðîìàãíåòèçìà íà ÷îòèðüîõïiäãðàòêîâîìó iíòåðôåéñi ìiæ äâîìà äâî-

õïiäãðàòêîâèìè àíòèôåðîìàãíåòèêàìè ç îäíîîñüîâîþ ìàãíiòíîþ àíiçîòðî-

ïi¹þ òà äîñëiäæåííþ çàêîíîìiðíîñòåé ðîçïîâñþäæåííÿ íåëiíiéíèõ ñïiíîâèõ

õâèëü â àíòèôåðîìàãíiòíèõ ìàãíîííèõ êðèñòàëàõ.

Äèíàìiêà âåêòîðiâ àíòèôåðîìàãíåòèçìó òà íàìàãíi÷åíîñòi â åôåêòèâíèõ

ìàãíiòíèõ ïîëÿõ òðàäèöiéíî îïèñó¹òüñÿ iç çàñòîñóâàííÿì ñèñòåìè ðiâíÿíü

Ëàíäàó�Ëiôøèöÿ. Çíàéäåíî ãðàíè÷íó óìîâó âiäíîñíî âåêòîðó àíòèôåðîìà-

ãíåòèçìó, ñóìiñíó ç ñiãìà�ìîäåëëþ.

Äèñåðòàöiéíà ðîáîòà ìà¹ òåîðåòè÷íèé õàðàêòåð. Îòðèìàíi ðåçóëüòàòè

ìîæóòü áóòè çàñòîñîâàíèìè ó òåîði¨ ìàãíîííèõ êðèñòàëiâ äëÿ äâîõïiäãðà-

òêîâèõ àíòèôåðîìàãíåòèêiâ ç îäíîîñüîâîþ ìàãíiòíîþ àíiçîòðîïi¹þ òà ÷îòè-

ðüîõïiäãðàòêîâèì iíòåðôåéñîì. Çíàéäåíi ðîçïîäiëè øâèäêîñòåé íåëiíiéíèõ

ñïiíîâèõ õâèëü òà ¨õ ÷àñòîòè ìîæóòü áóòè çàñòîñîâàíi äëÿ êîíñòðóþâàííÿ

íàäïîòóæíèõ ïðèëàäiâ ïåðåäà÷i iíôîðìàöi¨.

Ó âñòóïi ïîêàçàíî àêòóàëüíiñòü òåìè äîñëiäæåííÿ, ðîçãëÿíóòî çâ'ÿçîê ç

ñó÷àñíèìè äîñëiäæåííÿìè òà íàâåäåíî êîðîòêèé àíîíñ äèñåðòàöiéíî¨ ðîáîòè.

Ó ïåðøîìó ðîçäiëi ðîçãëÿäà¹òüñÿ ìîäåëü ìàãíîííîãî êðèñòàëó � ñèñòå-

ìà äâîõ îäíîîñüîâèõ äâîïiäãðàòêîâèõ íàïiâíåñêií÷åííèõ àíòèôåðîìàãíåòèêiâ

(ÀÔÌ) çi ñïiëüíèì iíòåðôåéñîì (ãðàíèöÿ ìiæ ÀÔÌ) çà íàÿâíîñòi âçà¹ìîäi¨

Äçÿëîøèíñüêîãî�Ìîði¨, ïðè÷îìó, îñi ìàãíiòíî¨ àíiçîòðîïi¨ îáîõ ÀÔÌ ñïðÿ-

ìîâàíi îäíàêîâî, ïåðïåíäèêóëÿðíî äî iíòåðôåéñó. Ââàæàþ÷è, ùî iíòåðôåéñ

óòâîðþ¹ ÷èòîðüîõïiäãðàäêîâó ñèñòåìó, ðîçãëÿäàþòüñÿ ìîæëèâi âèïàäêè äëÿ

åíåðãi¨ iíòåðôåéñó ìiæ ÀÔÌ, çíàõîäÿòüñÿ ôîðìóëè ëîêàëüíèõ ïîëiâ äëÿ ñè-
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ñòåìè ðiâíÿíü Ëàíäàó�Ëiôøèöÿ äëÿ êîæíîãî ÀÔÌ. ßê ðåçóëüòàò, ñèñòåìà

ðiâíÿíü Ëàíäàó�Ëiôøèöÿ äëÿ êîæíîãî ÀÔÌ çâîäèòüñÿ äî åêâiâàëåíòíî¨ ñè-

ñòåìè âiäíîñíî áåçðîçìiðíîãî âåêòîðó íàìàãíi÷åíîñòi, à òàêîæ áåçðîçìiðíîãî

âåêòîðó àíòèôåðîìàãíåòèçìó (âåêòîðó Íååëÿ) äëÿ êîæíîãî ÀÔÌ, ùî ìiñòè-

òüñÿ ó ìàãíîííîìó êðèñòàëi.

Ðîçäië ñêëàäà¹òüñÿ ç ÷îòèðüîõ ïiäðîçäiëiâ.

Ó ïåðøîìó ïiäðîçäiëi íàâåäåíî îïèñ äîñëiäæóâàíî¨ ìîäåëi ìàãíîííîãî

êðèñòàëó.

Ó äðóãîìó òà òðåòüîìó ïiäðîçäiëàõ ðîçãëÿäàþòüñÿ îá'¹ìíi ãóñòèíè åíåð-

ãi¨ àíòèôåðîìàãíåòèêiâ òà åíåðãiÿ iíòåðôåéñó âiäïîâiäíî, ÿêi íàäàëi âèêîðè-

ñòîâóþòüñÿ â ñèñòåìàõ ðiâíÿíü Ëàíäàó�Ëiôøèöÿ äëÿ êîæíîãî ÀÔÌ.

Ó ÷åòâåðòîìó ïiäðîçäiëi ââàæàþ÷è, ùî iíòåðôåéñ óòâîðþ¹ ÷èòîðüîõïi-

äãðàäêîâó ñèñòåìó, ñèñòåìà ðiâíÿíü Ëàíäàó�Ëiôøèöÿ äëÿ êîæíîãî ÀÔÌ

çâîäèòüñÿ äî åêâiâàëåíòíî¨ ñèñòåìè ðÿâíÿíü âiäíîñíî áåçðîçìiðíîãî âåêòîðó

íàìàãíi÷åíîñòi òà áåçðîçìiðíîãî âåêòîðó àíòèôåðîìàãíåòèçìó äëÿ êîæíîãî

ÀÔÌ. Çíàéäåíî ñïðîùåííÿ äàíèõ ñèñòåì ó âèïàäêó äîâãîõâèëüîâîãî íàáëè-

æåííÿ i ñiãìà�ìîäåëi, ÿê íàñëiäîê, çíàéäåíî âèãëÿä âåêòîðó íàìàãíi÷åíîñòi

äëÿ êîæíîãî ÀÔÌ ïîçà ìåæàìè iíòåðôåéñó. Çíàéäåíî ñèñòåìó ãðàíè÷íèõ

óìîâ âiäíîñíî âåêòîðiâ àíòèôåðîìàãíåòèçìó, äîñëiäæåíî ¨¨ ñóìiñíiñòü ç ñè-

ñòåìîþ ðiâíÿíü Ëàíäàó�Ëiôøèöÿ, çîêðåìà, äëÿ ñiãìà�ìîäåëi, äëÿ âèïàäêà

äîâãîõâèëüîâîãî íàáëèæåííÿ.

Äðóãèé ðîçäië ïðèñâÿ÷åíèé çíàõîäæåííþ øâèäêîñòåé íåëiíiéíèõ ñïiíî-

âèõ õâèëü ó ÿâíîìó âèãëÿäi äëÿ êîæíîãî ÀÔÌ, ÿêi âiäïîâiäàþòü ãðàíè÷íèì

óìîâàì âiäíîñíî âåêòîðiâ àíòèôåðîìàãíåòèçìó äëÿ ïåâíîãî êëàñó ðîçâ'ÿçêiâ

ñèñòåìè ðiâíÿíü Ëàíäàó�Ëiôøèöÿ çà óìîâ ñiãìà�ìîäåëi òà äîâãîõâèëüîâîãî

íàáëèæåííÿ.

Ðîçäië ñêëàäà¹òüñÿ ç òðüîõ ïiäðîçäiëiâ.

Ó ïåðøîìó ïiäðîçäiëi çíàéäåíî ãðàíè÷íi óìîâè íà iíòåðôåéñàõ, äîñëi-

äæåíî ¨õ ÷àñòèííi âèïàäêè.

Ó äðóãîìó ïiäðîçäiëi ñèñòåìà ðiâíÿíü Ëàíäàó�Ëiôøèöÿ äëÿ êîæíîãî

ÀÔÌ çà äîïîìîãîþ ïåðåõîäó äî ñôåðè÷íî¨ ñèñòåìè êîîðäèíàò çâîäèòüñÿ äî
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íåëiíiéíî¨ ñèñòåìè âiäíîñíî êóòiâ (àçèìóòàëüíîãî òà ïîëÿðíîãî äëÿ âåêòî-

ðiâ àíòèôåðîìàãíåòèçìó) òà âiäïîâiäíî¨ øâèäêîñòi ñïiíîâî¨ õâèëi. Ïðè öüî-

ìó êëàñ ðîçâ'ÿçêiâ âiäïîâiäíèõ íåëiíiéíèõ ñèñòåì äîñëiäæó¹òüñÿ ìåòîäàìè,

àíàëîãi÷íèìè òèì, ÿêi çàñòîñîâóâàëèñü ó äèñåðòàöiéíié ðîáîòi (Êóëiø Â.Â.

Ìàãíiòíi ñïií-õâèëüîâi òà îäíîåëåêòðîííi îïòè÷íi âëàñòèâîñòi íàíîñè-

ñòåì îáîëîíêîâîãî òèïó. Äèñåðòàöiÿ íà çäîáóòòÿ íàóêîâîãî ñòóïåíÿ äîêòî-

ðà ôiçèêî-ìàòåìàòè÷íèõ íàóê. Íàöiîíàëüíèé òåõíi÷íèé óíiâåðñèòåò Óêðà¨íè

¾Êè¨âñüêèé ïîëiòåõíi÷íèé iíñòèòóò iìåíi Iãîðÿ Ñiêîðñüêîãî¿, 2019) ïðè ïîáó-

äîâi ðîçâ'ÿçêiâ äëÿ ìîäåëi îäíîîñüîâîãî ôåðîìàãíåòèêà.

Ó òðåòüîìó ïiäðîçäiëi çíàéäåíî ÿâíi ôîðìóëè øâèäêîñòåé ñïiíîâèõ

õâèëü ç âèêîðèñòàííÿì ãðàíè÷íèõ óìîâ âiäíîñíî âåêòîðiâ àíòèôåðîìàãíå-

òèçìó. Ïðè öüîìó, øâèäêîñòi ñïiíîâî¨ õâèëi çíàéäåíî äëÿ òàêèõ âèïàäêiâ â

äîñëiäæóâàíîìó ìàãíîííîìó êðèñòàëi: äîêðèòè÷íå ïîøèðåííÿ õâèëi íàìà-

ãíi÷åíîñòi â îáîõ ÀÔÌ, ïîøèðåííÿ íàäêðèòè÷íî¨ õâèëi íàìàãíi÷åíîñòi â îáîõ

ÀÔÌ, ðîçïîâñþäæåííÿ äîêðèòè÷íî¨ õâèëi íàìàãíi÷åíîñòi â îäíîìó ÀÔÌ òà

íàäêðèòè÷íî¨ õâèëi íàìàãíi÷åíîñòi â iíøîìó. Äëÿ êîæíîãî âèïàäêó îáðàõîâà-

íî ïåðiîä òà ÷àñòîòà âiäïîâiäíî¨ ñïiíîâî¨ õâèëi, çíàéäåíî óìîâó çàñòîñîâíîñòi

äîâãîõâèëüîâîãî íàáëèæåííÿ, ïðîâåäåíî ÷èñåëüíi åêñïåðèìåíòè.

Êîæåí ðîçäië äîïîâíþ¹òüñÿ âèñíîâêàìè, íà çàâåðøåííÿ íàâåäåíî çà-

ãàëüíi âèñíîâêè äî äèñåðòàöiéíî¨ ðîáîòè.

Êëþ÷îâi ñëîâà: àíòèôåðîìàãíiòíèé ìàãíîííèé êðèñòàë, ñïiíîâà õâèëÿ,

ðiâíÿííÿ Ëàíäàó�Ëiôøèöÿ, ñiãìà ìîäåëü, ãðàíè÷íi óìîâè, îáìiííà âçà¹ìîäiÿ,

ìàãíiòíà àíiçîòðîïiÿ, àíòèôåðîìàãíåòèê.
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ABSTRACT

Syzon I. A. Propagation of nonlinear spin waves in layered antiferromagnets

separated by metasurfaces. � Quali�cation work on manuscript rights.

The thesis for obtaining the degree of Doctor of Philosophy in speciality 104

Physics and astronomy. � National Technical University of Ukraine �Igor Sikorsky

Kyiv Polytechnic Institute�, Kyiv, 2025.

The thesis is devoted to the construction of boundary conditions for the anti-

ferromagnetism vector at a four-sublattice interface between two two-sublattice

antiferromagnets with uniaxial magnetic anisotropy and the study of the laws of

propagation of nonlinear spin waves in antiferromagnetic magnon crystals.

A dynamics of antiferromagnetism and magnetization vectors in e�ective

magnetic �elds is traditionally described using the Landau�Lifshitz system of

equations. A boundary condition for the antiferromagnetism vector is found that

is compatible with the sigma�model.

The manuscript is of a theoretical nature. The results obtained can be applied

in the theory of magnon crystals for two�sublattice antiferromagnets with uniaxial

magnetic anisotropy and a four�sublattice interface. The distributions of velocities

of nonlinear spin waves and their frequencies found can be used to design high�

power information transmission devices.

An introduction section shows the relevance of the research topic, discusses

the connection with modern research, and provides a brief announcement of the

thesis.

The �rst chapter considers the model of a magnon crystal � a system of two

uniaxial two�sublattice semi�in�nite antiferromagnets (AFMs) with a common

interface (the boundary between the AFMs) in the presence of the Dzyaloshynski�

Moriya interaction, and the magnetic anisotropy axes of both AFMs are directed

equally, perpendicular to the interface. Assuming that the interface forms a four�

sublattice system, possible cases for the interface energy between the AFMs are

considered, and local �eld formulas for the system of Landau�Lifshitz equati-

ons for each AFM are found. As a result, the system of Landau�Lifshitz equati-

ons for each AFM is reduced to an equivalent system with respect to the di-
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mensionless magnetization vector, as well as the dimensionless antiferromagnetism

vector (N�eel vector) for each AFM contained in the magnon crystal.

The chapter consists of four subsections.

The �rst subsection provides a description of the studied magnon crystal

model.

The second and third subsections consider the bulk energy densities of anti-

ferromagnets and the interface energy, respectively, which are subsequently used

in the Landau�Lifshitz equation systems for each AFM.

In the fourth subsection, considering that the interface forms a four�subgrid

system, the system of Landau�Lifshitz equations for each AFM is reduced to an

equivalent system of equations for the dimensionless magnetization vector and

the dimensionless antiferromagnetism vector for each AFM. A simpli�cation of

these systems is found in the case of the long-wave approximation and the sigma-

model, as a result, the form of the magnetization vector for each AFM outside

the interface is found. A system of boundary conditions for the antiferromagneti-

sm vectors is found, and its compatibility with the system of Landau�Lifshitz

equations is investigated, in particular, for the sigma-model, for the case of the

long�wave approximation.

The second chapter is devoted to �nding the velocities of nonlinear spin waves

in explicit form for each AFM, which correspond to the boundary conditions with

respect to the antiferromagnetism vectors for a certain class of solutions of the

Landau�Lifshitz equation system under the conditions of the sigma�model and

the long�wave approximation.

The section consists of three subsections.

Boundary conditions at the interfaces are found and their special cases are

investigated in the �rst subsection.

The system of Landau�Lifshitz equations for each AFM, by means of the

transition to a spherical coordinate system, is reduced to a nonlinear system with

respect to the angles (azimuthal and polar for the antiferromagnetism vectors) and

the corresponding spin wave velocity by transitioning to a spherical coordinate

system. At the same time, the class of solutions of the corresponding nonlinear
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systems is investigated by methods similar to those used in the thesis (Kuli-

sh V.V. Magnetic spin-wave and single-electron optical properties of shell-type

nanosystems. The thesis for obtaining the degree of Doctor of Physical and

Mathematical Sciences. National Technical University of Ukraine �Igor Sikorsky

Kyiv Polytechnic Institute�, 2019), where solutions for the model of a uniaxial

ferromagnet have been constructed.

Explicit formulas for the velocities of spin waves with use of boundary condi-

tions relative to the vectors of antiferromagnetism are found in the third subsecti-

on. At the same time, the spin wave velocities were found for the following cases in

the studied magnon crystal: subcritical propagation of the magnetization wave in

both AFMs, propagation of the supercritical magnetization wave in both AFMs,

propagation of the subcritical magnetization wave in one AFM and the supercri-

tical magnetization wave in the other. For each case, the period and frequency

of the corresponding spin wave were calculated, the condition for the applicabi-

lity of the long-wave approximation was found, and numerical experiments were

performed.

Each section is supplemented with conclusions, and at the end, general

conclusions for the dissertation are given.

Keywords: àntiferromagnetic magnonic crystal, spin wave, Landau-Lifshitz

equations, sigma model, boundary conditions, exchange interaction, magnetic ani-

sotropy, antiferromagnet.
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ÂÑÒÓÏ

Àêòóàëüíiñòü òåìè. Ñïiíîâi õâèëi àáî, õâèëi íàìàãíi÷åíîñòi â ìàãíiòî-

óïîðÿäêîâàíèõ ìàòåðiàëàõ (äèâ., íàïðèêëàä, [49]), ¹ îá'¹êòàìè iíòåíñèâíîãî

äîñëiäæåííÿ ïðîòÿãîì îñòàííiõ äåñÿòèëiòü, ÿê òåîðåòè÷íîãî ñïðÿìóâàííÿ,

òàê i åêñïåðèìåíòàëüíîãî (äèâ., íàïðèêëàä, [21, 49�51, 53] òà îãëÿäè ëiòåðà-

òóðè ó íèõ). Ñåðåä ïåðñïåêòèâ ¨õ çàñòîñóâàííÿ � ñòâîðåííÿ íîâèõ ïðèñòðî¨â

ïåðåäà÷i òà çáåðiãàííÿ iíôîðìàöi¨ ( [49,54,55,58]), ñòâîðåííÿ íîâèõ îá÷èñëþ-

âàëüíèõ ïðèñòðî¨â [56�59] òîùî. Êðiì òîãî, íåùîäàâíî ç'ÿâèëèñÿ íîâi ãàëóçi

äîñëiäæåíü i òåõíîëîãié, ÿêi âèâ÷àþòü ñïiíîâi õâèëi, à ñàìå: ìàãíîíiêà (äèâ.,

íàïðèêëàä, [49,50,53]) i ñïiíòðîíiêà (äèâ., íàïðèêëàä, [60,61]).

Ñïiíîâi õâèëi â àíòèôåðîìàãíiòíèõ ìàòåðiàëàõ íå ¹ ÷èñòî òåîðåòè÷íîþ

àáñòðàêöi¹þ, ïðî ùî çàñâiä÷óþòü åêñïåðèìåíòàëüíi ìåòîäè çáóäæåííÿ òà âè-

ÿâëåííÿ òàêèõ õâèëü, ÿêi øâèäêî ðîçâèâàþòüñÿ (äèâ., íàïðèêëàä, [64, 65]).

Çîêðåìà, äèôóçiéíå ïîøèðåííÿ íåêîãåðåíòíèõ ìàãíîíiâ â àíòèôåðîìàãíåòè-

êàõ ðîçãëÿäà¹òüñÿ ó ðîáîòàõ [66�68]. Åâàíåñöåíòíi ñïií-õâèëüîâi ìîäè ðîçãëÿ-

äàþòüñÿ, íàïðèêëàä, ó [69]. Âèïðîìiíþâàííÿ òà âèÿâëåííÿ õâèëüîâîãî ïàêåòà

íàíîìåòðîâîãî ìàñøòàáó êîãåðåíòíèõ ìàãíîíiâ, ùî ïîøèðþþòüñÿ â àíòèôå-

ðîìàãíiòíîìó DyFeO3 , íåùîäàâíî äîñëiäæåíî ó [94]. Àíòèôåðîìàãíiòíà ìà-

ãíîíiêà òà ñïiíòðîíiêà ¹ ãàëóçÿìè äîñëiäæåíü, ÿêi iíòåíñèâíî ðîçâèâàþòüñÿ,

äå ìàãíîíè òà ¨õíié ñïií âèêîðèñòîâóþòüñÿ ÿê íîñi¨ âiäïîâiäíî¨ iíôîðìàöi¨.

Âiäêðèòòÿ ìåòîäiâ çàñòîñóâàííÿ âåêòîðà Íååëÿ, àáî âåêòîðà àíòèôåðîìàãíi-

òèçìó, çìiñòèëî óâàãó äîñëiäæåííÿ ÀÔÌ ìàòåðiàëiâ âiä ôóíäàìåíòàëüíîãî

ñïðÿìóâàííÿ â áiê áåçïîñåðåäíüîãî ïðàêòè÷íîãî çàñòîñóâàííÿ. Ôåðîìàãíiòíi i

àíòèôåðîìàãíiòíi ìàòåðiàëè äîçâîëÿþòü ìàíiïóëþâàòè ìàãíîíàìè (êâàíòàìè

ñïiíîâèõ õâèëü), ïåðåäàâàòè òà îáðîáëÿòè iíôîðìàöiþ ç íèçüêèìè åíåðãåòè-

÷íèìè âèòðàòàìè òà áåç ðîçñiþâàííÿ òåïëà çà ðàõóíîê îìi÷íèõ âòðàò [72�74].

Îäíàê iñíóþòü ïåðåâàãè àíòèôåðîìàãíiòíèõ ìàòåðiàëiâ (ÀÔÌ) äëÿ çàñòîñó-

âàííÿ â ìàãíîíiöi òà ñïiíòðîíiöi ïîðiâíÿíî ç ôåðîìàãíiòíèìè (ÔÌ). Íàïðè-

êëàä, ÀÔÌ ìàòåðiàëè íå÷óòëèâi äî çîâíiøíiõ ìàãíiòíèõ çáóðåíü [75]. ÀÔÌ
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íå ìàþòü ìàãíiòíèõ ïîëiâ ðîçñiþâàííÿ (äèâ., íàïðèêëàä, [76]). Òèïîâèé ÷à-

ñîâèé ìàñøòàá, ïîâ'ÿçàíèé çi çìiíàìè â ìàãíiòíié ñòðóêòóði ÀÔÌ, íà êiëüêà

ïîðÿäêiâ ìåíøèé, íiæ òîé, ùî ïîâ'ÿçàíèé ç ÔÌ. Òàêèì ÷èíîì, ÔÌ-ìåòàëè

ìàþòü âíóòðiøí¹ îáìåæåííÿ, ùî âîíè íå ìîæóòü ïðàöþâàòè â äiàïàçîíi ÷à-

ñòîò âèùå 100 ÃÃö (äèâ., íàïðèêëàä, [77]), òîäi ÿê íàäøâèäêà äèíàìiêà àí-

òèôåðîìàãíåòèêiâ ðîáèòü ìîæëèâîþ ðîáîòó ïðèñòðîþ ó òåðàãåðöåâîìó äi-

àïàçîíi ÷àñòîò [75, 76, 78, 79]. ÀÔÌ ìîæå ïî¹äíóâàòè ñïií�õâèëüîâó ëîãiêó

ç ÷àñòîòàìè ÒÃö, ñïðèÿòè çíà÷íîìó çìåíøåííþ ðîçìiðiâ ïðèñòðî¨â äî íà-

íîðîçìiðiâ [94] òà ïðîäæóâàòè âèñîêi øâèäêîñòi ðîçïîâñþäæåííÿ [72, 81, 94].

ÀÔÌ ñïiíîâi õâèëi ìàþòü ïîäâiéíó ïîëÿðèçàöiþ ÷åðåç íàÿâíiñòü äâîõ ïðî-

òèëåæíèõ ìàãíiòíèõ ïiäãðàòîê. Ïîëÿðíiñòü ÀÔÌ ñïiíîâèõ õâèëü âèçíà÷à¹

íîâèé ñòóïiíü ñâîáîäè êîäóâàííÿ iíôîðìàöi¨ (çàäàíî¨ ìàãíîííîþ ïîëÿðèçà-

öi¹þ) ó äîïîâíåííi äî àìïëiòóäè òà ôàçè [82�84]. Ïîëÿðèçàöi¹þ ñïiíîâî¨ õâè-

ëi ìîæíà ìàíiïóëþâàòè âçà¹ìîäi¹þ Äçÿëîøèíñüêîãî�Ìîðiÿ (ÄÌÂ, àíòèñè-

ìåòðè÷íà ñêëàäîâà îáìiííî¨ âçà¹ìîäi¨), iíäóêîâàíîþ åëåêòðè÷íèì ïîëåì, i

ìàãíiòíîþ àíiçîòðîïi¹þ [85]. Êîëiíåàðíi ÀÔÌ ìàþòü äâi âèðîäæåíi âëàñíi

ìîäè ñïiíîâî¨ õâèëi ïðîòèëåæíî¨ õiðàëüíîñòi [86]. �õ ÷àñòî íàçèâàþòü ïðàâî�

òà ëiâîñòîðîííiìè ìîäàìè âiäïîâiäíî äî ïðåöåñiéíî¨ ñïðÿìîâàíîñòi âåêòîðà

Íååëÿ. Ìàãíiòîõiðàëüíiñòü ¹ âèðiøàëüíèì iíãðåäi¹íòîì ó âiçóàëiçàöi¨ ìàéáó-

òíiõ ñïií�õâèëüîâèõ ëîãi÷íèõ ïðèñòðî¨â [87]. ÀÔÌ içîñïií (âíóòðiøíié ñòó-

ïiíü ñâîáîäè äëÿ ÀÔÌ ñïiíîâèõ õâèëü, ÿêi íåñóòü ñïií, ùî çàáåçïå÷ó¹òüñÿ

íàÿâíiñòþ ÿê ëiâî¨, òàê i ïðàâî¨ õiðàëüíîñòi) ïðîïîíó¹ ðiçíîìàíiòíi çàñòîñó-

âàííÿ â ðiçíèõ íàïðÿìêàõ [88]. Ìàëà íàìàãíi÷åíiñòü ÀÔÌ, ùî âèíèêà¹ ÷åðåç

çáóðåííÿ âåêòîðà Íååëÿ, ìîæå áóòè âèêîðèñòàíà äëÿ âïëèâó íà äèíàìiêó

ìàãíiòíèõ òåêñòóð i ñïiíîâèõ ñòðóìiâ [84]. Êðiì òîãî, ÀÔÌ-ìàãíîíè ìîæóòü

ïîâ'ÿçóâàòèñÿ ç êóòîâèì ìîìåíòîì, ùî ïåðåíîñèòüñÿ åëåêòðîíàìè [89], [90],

ôîòîíàìè [91], [92], [93] òà iíøèìè íîñiÿìè ñïiíó. Ç òî÷êè çîðó ñïiíòðîíiêè òà

ìàãíîíiêè, ÀÔÌ ìàþòü øèðîêó ñïåêòðàëüíó ñìóãó ÷àñòîò [94] i ðiçíîìàíiòíi

ôóíêöiîíàëüíi ìîæëèâîñòi äëÿ iíòåãðàöi¨ ç ôåðîìàãíåòèêàìè [76]. Íàðåøòi,

àíòèôåðîìàãíåòèçì ñïîñòåðiãà¹òüñÿ ÷àñòiøå i ïðè çíà÷íî çàãàëüíiøèõ óìî-

âàõ, íiæ ôåðîìàãíåòèçì. Çîêðåìà, àíòèôåðîìàãíåòèçì ñïîñòåðiãà¹òüñÿ íàâiòü
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ó íàïiâïðîâiäíèêàõ ïðè êiìíàòíié òåìïåðàòóði [95].

Ìîäóëÿöiþ ôðîíòó ñïiíîâî¨ õâèëi ìîæíà çäiéñíèòè øëÿõîì ââåäåííÿ

ñêiðìiîíiâ i ñêiðìiîíîïîäiáíèõ ñòðóêòóð. Âiäîìi ìåòîäè ñòâîðåííÿ àíòèôåðî-

ìàãíiòíèõ ñêiðìiîíiâ: iíæåêöiÿ âåðòèêàëüíîãî ñïií�ïîëÿðèçîâàíîãî ñòðóìó â

íàíîäèñê ç îñíîâíèì ñòàíîì ÀÔÌ; ïåðåòâîðåííÿ ÀÔÌ�ïàðè äîìåííèõ ñòi-

íîê ó ç'¹äíàííi íàíîäðîòó [96]. Ïðîòå ñïîñòåðåæåííÿ ìàãíiòíèõ ñêiðìiîíiâ

ïðîâîäèòüñÿ, ïåðåâàæíî, äëÿ ôåðîìàãíiòíèõ ìàòåðiàëiâ. Ëèøå êiëüêà ðîáiò

(äèâ., íàïðèêëàä, [97]) ïðèñâÿ÷åíi åêñïåðèìåíòàëüíîìó ñïîñòåðåæåííþ àí-

òèôåðîìàãíiòíèõ ñêiðìiîíiâ. Ïðè öüîìó àíòèôåðîìàãíiòíi ñêiðìiîíè ìàþòü

ðÿä ïåðåâàã ó ïîðiâíÿííi ç ôåðîìàãíiòíèìè. Çîêðåìà, äëÿ ôåðîìàãíiòíèõ

ñêiðìiîíiâ ¨õíi ðîçìiðè îáìåæåíi êiëüêîìà äåñÿòêàìè íàíîìåòðiâ ïðè êiìíà-

òíié òåìïåðàòóði, äëÿ ¨õ ñòàáiëiçàöi¨ ïîòðiáíå çîâíiøí¹ ìàãíiòíå ïîëå, ¨õ ðóõ

âiäõèëÿ¹òüñÿ âiä ïðÿìîëiíiéíî¨ òðà¹êòîði¨ âçäîâæ ñòðóìó, à ¨õ òîïîëîãi÷íå çà-

òóõàííÿ îáìåæó¹ ¨õ øâèäêiñòü äî 100 ì/c [97]. Îòæå, äîñëiäæåííÿ â îáëàñòi

àíòèôåðîìàãíiòíèõ ñêiðìiîíiâ ¹ ïåðñïåêòèâíèìè, õî÷à é ñêëàäíèìè. [97].

Ìàãíîííi êðèñòàëè � ïåðiîäè÷íî ñòðóêòóðîâàíi ìàãíiòíi ìàòåðiàëè �

ñòàëè îá'¹êòîì iíòåíñèâíèõ äîñëiäæåíü ïðîòÿãîì îñòàííiõ äåñÿòèëiòü. Âîíè

ìàþòü óíiêàëüíi ñïií�õâèëüîâi âëàñòèâîñòi [98] (íàïðèêëàä, êðèñòàëîïîäiáíi

çàáîðîíåíi çîíè â ñïåêòðàõ ñïiíîâèõ õâèëü), ùî ðîáèòü ¨õ ïåðñïåêòèâíèìè

íîâèìè ìàòåðiàëàìè äëÿ ìàãíîíiêè. Íåäàâíi åêñïåðèìåíòàëüíi äîñëiäæåí-

íÿ ñïîñîáiâ êåðóâàííÿ õàðàêòåðèñòèêàìè ñïiíîâî¨ õâèëi â ìàãíîííèõ êðè-

ñòàëàõ âêëþ÷àþòü, íàïðèêëàä, [99], [100]. Çîêðåìà, îñòàííiì ÷àñîì àêòóàëü-

íîþ òà ïîïóëÿðíîþ òåìîþ äîñëiäæåíü ñòàþòü ñêiðìiîíè â ìàãíîííèõ êðè-

ñòàëàõ [101]. Ïîäàëüøèé ðîçâèòîê ìàãíîíiêè ÀÔÌ ïîòðåáó¹ áiëüø ãëèáîêîãî

òåîðåòè÷íîãî ïiä ðóíòÿ äëÿ ïîøèðåííÿ ñïiíîâî¨ õâèëi â ìàãíîííèõ êðèñòà-

ëàõ ÀÔÌ, ÿêi ¹ îñíîâíèìè ÷àñòîòíî�øâèäêiñíèìè ôiëüòðàìè äëÿ ñïiíîâèõ

õâèëü ÿê i ¨õ ÔM àíàëîãè.

Ãðàíè÷íi óìîâè íà ÔM/ÔM iíòåðôåéñi [102] ¹ íåîáõiäíèìè äëÿ ìîäåëþ-

âàííÿ ïîøèðåííÿ ñïiíîâî¨ õâèëi â ÔM ìàãíîííèõ êðèñòàëàõ [103]. Îñü ÷îìó

â ìàãíîíiöi ÔM áóëî çðîáëåíî áàãàòî êðîêiâ äëÿ ïîáóäîâè áiëüø çàãàëüíèõ

ãðàíè÷íèõ óìîâ íà iíòåðôåéñi ÔM/ÔM [104�107], âðàõîâóþ÷è íå òiëüêè îäíî-
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ðiäíèé îáìií ìiæ ÔM íà ìåæi ðîçäiëó, àëå é âëàñíó ìàãíiòíó àíiçîòðîïiþ

íà ìåæi ðîçäiëó òà ¨¨ cêií÷åííó òîâùèíó [102]. Òå ñàìå ñòîñó¹òüñÿ ãðàíè-

÷íèõ óìîâ íà iíòåðôåéñàõ ÀÔÌ/ÔÌ äëÿ ìàãíîííèõ êðèñòàëiâ ÀÔÌ�ÔÌ i

íà iíòåðôåéñàõ ÀÔÌ/ÀÔÌ âiäïîâiäíî äëÿ ìîäåëþâàííÿ ïîøèðåííÿ ñïiíîâî¨

õâèëi â ìàãíîííèõ êðèñòàëàõ ÀÔÌ.

Ìàãíiòíå âïîðÿäêóâàííÿ iíòåðôåéñiâ ÔÌ/ÔÌ i ÀÔÌ/ÔM (âiä ïîâíi-

ñòþ íåêîìïåíñîâàíîãî iíòåðôåéñó äî ïîâíiñòþ êîìïåíñîâàíîãî) áóëî äåòàëü-

íî âèâ÷åíî â îñòàííiõ äîñëiäæåííÿõ. Íàïðèêëàä, â ðîáîòàõ [108, 109] âèâ÷à-

þòüñÿ ìàãíiòíi âëàñòèâîñòi ïîäâiéíèõ øàðiâ Co/Ni ïiñëÿ ïëàçìîâîãî îêèñëå-

ííÿ, ïðè öüîìó, ìàãíiòíi âëàñòèâîñòi NiO/Co/Pt äîñëiäæóþòüñÿ ÿê ôóíêöiþ

òîâùèíè øàðó Co). Öå âêëþ÷à¹, çîêðåìà, îáìiííå çìiùåííÿ, àáî ïiíiíã â ñè-

ñòåìàõ ÔM/AÔM ÷åðåç éîãî òåõíîëîãi÷íó âàæëèâiñòü ó ìàãíiòíèõ ïðèñòðî-

ÿõ íà îñíîâi ñïiíîâîãî êëàïàíà. Ïîäâiéíi øàðè ÔM/AÔM òåïåð çàçâè÷àé

iíòåãðîâàíi â ñïiíòðîííi ïðèñòðî¨. Ïîäàëüøèé ðîçâèòîê àíòèôåðîìàãíiòíî¨

ìàãíîíiêè, ç iíøîãî áîêó, âèìàãà¹ íîâèõ ñïåöèôi÷íèõ äîñëiäæåíü � çîêðå-

ìà, çàãàëüíèõ ãðàíè÷íèõ óìîâ äëÿ ïàðàìåòðà ïîðÿäêó íà ìåæi AÔM/AÔM

ç óðàõóâàííÿì îáìiííîãî çìiùåííÿ ìiæ ìàãíiòíèìè ïiä ðàòêàìè (ó öüîìó

âèïàäêó âîíî ïðîÿâëÿ¹òüñÿ ó çâ'ÿçêó ìiæ äâîìà ìàãíiòíòèìè ïiäãðàòêàìè,

ùî iíäóêó¹ çíà÷íèé çñóâ, íàïðèêëàä, êîåðöèòèâíîãî ïîëÿ) îáîõ ÀÔÌ. Âi-

äîìi ãðàíè÷íi óìîâè îïèñóþòü ÀÔÌ�âàêóóìíèé iíòåðôåéñ [110] ó òîé ÷àñ,

ÿê iíôîðìàöiÿ ïðî ìàãíiòíå âïîðÿäêóâàííÿ ÀÔÌ/ÀÔÌ�iíòåðôåéñó íàðàçi

ñëàáêî äîñëiäæåíà. Ó ðîáîòi [111] ìàãíiòíèé çâ'ÿçîê äëÿ ÀÔÌ/ÀÔÌ iíòåð-

ôåéñó âèâ÷àâñÿ äëÿ ïðîòîòèïó äâîøàðîâî¨ ñèñòåìè CoO�NiO. Òèì íå ìåíø,

çàãàëüíi ãðàíè÷íi óìîâè äëÿ ðiâíÿíü Ëàíäàó�Ëiôøèöà ç óðàõóâàííÿì ñòóïå-

íÿ íåêîìïåíñàöi¨ [112], [113] iíòåðôåéñó ÀÔÌ/ÀÔÌ íà äàíèé ìîìåíò ùå íå

äîñëiäæóâàëèñü. Îòæå, ¨õ âèâ÷åííÿ ìà¹ àêòóàëüíå çíà÷åííÿ äëÿ ïîäàëüøèõ

äîñëiäæåíü.

Ó äèñåðòàöiéíîìó äîñëiäæåííi ðîçãëÿäàþòüñÿ íåëiíiéíi ñïiíîâi õâèëi â

ÀÔÌ�ìàãíîííîìó êðèñòàëi ç âçà¹ìîäi¹þ Äçÿëîøèíñüêîãî-Ìîði¨. Äëÿ öüîãî

â ñiãìà�ìîäåëi âèêîðèñòîâóþòüñÿ ðiâíÿííÿ Ëàíäàó�Ëiôøèöà äëÿ äâîïiäãðà-

òêîâî¨ ÀÔÌ (â ÿêié íàìàãíi÷åíiñòü ââàæà¹òüñÿ íàáàãàòî ìåíøîþ, íiæ âåëè÷è-
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íà âåêòîðà Íååëÿ). Â ðåçóëüòàòi îòðèìàíî (äèâ. [1,3]) äîïóñòèìèé äèñêðåòíèé

íàáið ÷àñòîò i äîïóñòèìèé äèñêðåòíèé íàáið øâèäêîñòåé äëÿ ðîçãëÿíóòèõ ñïi-

íîâèõ õâèëü. Ó ïðîöåñi äîñëiäæåííÿ âèâîäÿòüñÿ ãðàíè÷íi óìîâè äëÿ âåêòî-

ðà Íååëÿ íà ìåæi ðîçäiëó äâîõ ÀÔÌ ç óðàõóâàííÿì îáìiííî¨ âçà¹ìîäi¨ ìiæ

ìàãíiòíèìè ïiä ðàòêàìè äëÿ îáîõ ÀÔÌ. Öi ãðàíè÷íi óìîâè, çîêðåìà, çàñòî-

ñîâóþòüñÿ ÿê äëÿ ïîâíiñòþ íåêîìïåíñîâàíîãî iíòåðôåéñó, òàê i äëÿ ïîâíiñòþ

êîìïåíñîâàíîãî äëÿ öiëåé iëþñòðàöi¨.

Çâ'ÿçîê ðîáîòè ç íàóêîâèìè ïðîãðàìàìè, ïëàíàìè, òåìàìè. Äè-

ñåðòàöiÿ âèêîíàíà â Íàöiîíàëüíîìó òåõíi÷íîìó óíiâåðñèòåòi Óêðà¨íè ¾Êè¨â-

ñüêèé ïîëiòåõíi÷íèé iíñòèòóò iìåíi Iãîðÿ Ñiêîðñüêîãî¿ â ðàìêàõ òåìàòèêè

íàóêîâî¨ øêîëè ¾Ìàãíåòèçì¿.

Ìåòà äîñëiäæåííÿ: âèâåñòè ãðàíè÷íi óìîâè äëÿ ðiâíÿííÿ Ëàíäàó�

Ëiôøèöÿ â ñiãìà-ìîäåëi íà iíòåðôåéñi ìiæ äâîìà äâîõ ïiä ðàòêîâèìè àíòè-

ôåðîìàãíåòèêàìè òà çíàéòè çàêîíîìiðíîñòi ðîçïîâñþäæåííÿ íåëiíiéíèõ ñïi-

íîâèõ õâèëü â àíòèôåðîìàãíiòíîìó ìàãíîííîìó êðèñòàëi ç óðàõóâàííÿì çà-

çíà÷åíèõ ãðàíè÷íèõ óìîâ.

Çàâäàííÿ äîñëiäæåííÿ ïîëÿãàþòü â:

� îòðèìàííi ãðàíè÷íèõ óìîâ äëÿ ðiâíÿííÿ Ëàíäàó�Ëiôøèöÿ â ñiãìà-

ìîäåëi íà iíòåðôåéñi ìiæ äâîìà äâîõ ïiä ðàòêîâèìè àíòèôåðîìàãíåòèêàìè;

� çíàõîäæåííi çàêîíîìiðíîñòåé ðîçïîâñþäæåííÿ íåëiíiéíèõ ñïiíîâèõ

õâèëü â àíòèôåðîìàãíiòíîìó ìàãíîííîìó êðèñòàëi çi øâèäêiñòþ, ùî íå ïå-

ðåâèùó¹ êðèòè÷íó øâèäêiñòü äëÿ ëiíiéíèõ ñïiíîâèõ õâèëü â îáîõ àíòèôå-

ðîìàãíiòíèõ ìàòåðiàëàõ, ç ÿêèõ ñêëàäà¹òüñÿ àíòèôåðîìàãíiòíèé ìàãíîííèé

êðèñòàë (òîáòî â äîêðèòè÷íîìó ðåæèìi);

� îòðèìàííi çàêîíîìiðíîñòåé ðîçïîâñþäæåííÿ íåëiíiéíèõ ñïiíîâèõ

õâèëü â àíòèôåðîìàãíiòíîìó ìàãíîííîìó êðèñòàëi çi øâèäêiñòþ, ùî ïåðå-

âèùó¹ êðèòè÷íó øâèäêiñòü äëÿ ëiíiéíèõ ñïiíîâèõ õâèëü òiëüêè â îäíîìó ç

àíòèôåðîìàãíåòíèõ ìàòåðiàëiâ, ç ÿêèõ ñêëàäà¹òüñÿ àíòèôåðîìàãíiòíèé ìà-

ãíîííèé êðèñòàë (òîáòî â çìiøàíîìó � äî- òà íàäêðèòè÷îìó ðåæèìi);

� çíàõîäæåííi çàêîíîìiðíîñòi ðîçïîâñþäæåííÿ íåëiíiéíèõ ñïiíîâèõ

õâèëü â àíòèôåðîìàãíiòíîìó ìàãíîííîìó êðèñòàëi çi øâèäêiñòþ, ùî ïåðåâè-
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ùó¹ êðèòè÷íó øâèäêiñòü äëÿ ëiíiéíèõ ñïiíîâèõ õâèëü â îáîõ àíòèôåðîìàãíi-

òíèõ ìàòåðiàëàõ, ç ÿêèõ ñêëàäà¹òüñÿ àíòèôåðîìàãíiòíèé ìàãíîííèé êðèñòàë

(òîáòî â íàäêðèòè÷íîìó ðåæèìi).

Îá'¹êò äîñëiäæåííÿ: äâîøàðîâà íàíîñòðóêòóðà òèïó

àíòèôåðîìàãíåòèê-àíòèôåðîìàãíåòèê ç îäíîîñíîþ ìàãíiòíîþ àíiçîòðî-

ïi¹þ, àíòèôåðîìàãíiòíèé ìàãíîííèé êðèñòàë.

Ïðåäìåò äîñëiäæåííÿ: ãðàíè÷íi óìîâè äëÿ âåêòîðà àíòèôåðîìàãíå-

òèçìà íà ÷îòèðüîõïiäãðàòêîâîìó iíòåðôåéñi ìiæ äâîìà äâîõïiäãðàòêîâèìè

àíòèôåðîìàãíåòèêàìè ç îäíîîñüîâîþ ìàãíiòíîþ àíiçîòðîïi¹þ, çàêîíîìiðíî-

ñòi ðîçïîâñþäæåííÿ íåëiíiéíèõ ñïiíîâèõ õâèëü â àíòèôåðîìàãíiòíèõ ìàãíîí-

íèõ êðèñòàëàõ.

Ìåòîäè äîñëiäæåííÿ: ìåòîäè òåîðåòè÷íîãî äîñëiäæåííÿ: àíàëiç, ìî-

äåëþâàííÿ, ñõîäæåííÿ âiä àáñòðàêòíîãî äî êîíêðåòíîãî, ôîðìàëiçàöiÿ, iäåà-

ëiçàöiÿ, ëîãi÷íèé ìåòîä. Òàêîæ áóëî çàñòîñîâàíî ñïåöiàëüíi ìåòîäè, à ñàìå:

âàðiàöiéíå iíòåãðàëüíå òà äèôåðåíöiàëüíå îá÷èñëåííÿ, ìåòîäè ìàòåìàòè÷íî-

ãî àíàëiçó, ìåòîäè ìàòåìàòè÷íî¨ ôiçèêè, ìåòîäè òåîði¨ äèôåðåíöiàëüíèõ ðiâ-

íÿíü. Ìåòîä ìiíiìiçàöi¨ çàãàëüíî¨ åíåðãi¨ ñåðåäîâèùà áóëî çàñòîñîâàíî äëÿ

âèâåäåííÿ ãðàíè÷íèõ óìîâ íà iíòåðôåéñi ìiæ äâîìà àíòèìàãíiòíèìè ìàòåði-

àëàìè. Äèíàìiêà âåêòîðiâ àíòèôåðîìàãíåòèçìó òà íàìàãíi÷åíîñòi â åôåêòèâ-

íèõ ìàãíiòíèõ ïîëÿõ òðàäèöiéíî îïèñàíà iç çàñòîñóâàííÿì ðiâíÿíü Ëàíäàó�

Ëiôøèöÿ. Ïðè öüîìó, åôåêòèâíå ïîëå � öå âàðiàöiéíà (ôóíêöiîíàëüíà) ïî-

õiäíà âiä åíåðãi¨ ôåðîìàãíåòèêà ïî âåêòîðó íàìàãíi÷åíîñòi, àáî àíòèôåðîìà-

ãíåòèçìà. Äëÿ äîñëiäæåííÿ íåëiíiéíèõ ñïiíîâèõ õâèëü â àíòèôåðîìàãíiòíîìó

ìàãíîííîìó êðèñòàëi âèêîðèñòàíî ñiãìà-ìîäåëü. Êîìï'þòåðíå ìîäåëþâàííÿ

ôiçè÷íèõ ïðîöåñiâ ç ÷èñåëüíèìè ðåçóëüòàòàìè ïðîâîäèëîñü çà äîïîìîãîþ ìî-

âè ïðîãðàìóâàííÿ Python äëÿ ãðàôi÷íî¨ âiçóàëiçàöi¨ ðåçóëüòàòiâ äèñåðòàöié-

íî¨ ðîáîòè.

Íàóêîâà íîâèçíà îòðèìàíèõ ðåçóëüòàòiâ. Íàóêîâó íîâèçíó âèçíà-

÷àþòü, çîêðåìà, òàêi ðåçóëüòàòè äèñåðòàöi¨:

1. Âïåðøå îòðèìàíî ãðàíè÷íi óìîâè äëÿ ðiâíÿííÿ Ëàíäàó�Ëiôøèöÿ â

ñiãìà-ìîäåëi íà iíòåðôåéñi ìiæ äâîìà äâîõ ïiä ðàòêîâèìè àíòèôåðîìàãíåòè-
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êàìè.

2. Âïåðøå ðîçðàõîâàíî øâèäêîñòi íåëiíiéíèõ ñïiíîâèõ õâèëü â àíòèôå-

ðîìàãíiòíîìó ìàãíîííîìó êðèñòàëi ó âèïàäêó, êîëè øâèäêiñòü íå ïåðåâèùó¹

êðèòè÷íó øâèäêiñòü äëÿ ëiíiéíèõ ñïiíîâèõ õâèëü â îáîõ àíòèôåðîìàãíiòíèõ

ìàòåðiàëàõ, ç ÿêèõ ñêëàäà¹òüñÿ àíòèôåðîìàãíiòíèé ìàãíîííèé êðèñòàë (òîá-

òî â äîêðèòè÷íîìó ðåæèìi).

3. Âïåðøå ðîçðàõîâàíî øâèäêîñòi íåëiíiéíèõ ñïiíîâèõ õâèëü â àíòèôå-

ðîìàãíiòíîìó ìàãíîííîìó êðèñòàëi ó âèïàäêó, êîëè øâèäêiñòü íå ïåðåâèùó¹

êðèòè÷íó øâèäêiñòü äëÿ ëiíiéíèõ ñïiíîâèõ õâèëü òiëüêè â îäíîìó ç àíòèôå-

ðîìàãíiòíèõ ìàòåðiàëiâ, ç ÿêèõ ñêëàäà¹òüñÿ àíòèôåðîìàãíiòíèé ìàãíîííèé

êðèñòàë (òîáòî â çìiøàíîìó �� äî- òà íàäêðèòè÷îìó ðåæèìi).

4. Âïåðøå ðîçðàõîâàíî øâèäêîñòi íåëiíiéíèõ ñïiíîâèõ õâèëü â àíòèôåðî-

ìàãíiòíîìó ìàãíîííîìó êðèñòàëi ó âèïàäêó, êîëè øâèäêiñòü ïåðåâèùó¹ êðè-

òè÷íó øâèäêiñòü äëÿ ëiíiéíèõ ñïiíîâèõ õâèëü â îáîõ àíòèôåðîìàãíiòíèõ ìà-

òåðiàëàõ, ç ÿêèõ ñêëàäà¹òüñÿ àíòèôåðîìàãíiòíèé ìàãíîííèé êðèñòàë (òîáòî

â íàäêðèòè÷íîìó ðåæèìi).

5. Âïåðøå çíàéäåíî óìîâè ùîäî òèïó ìàãíiòíî¨ àíiçîòðîïi¨ äâîõ àíòèôå-

ðîìàãíiòíèõ ìàòåðiàëiâ, ç ÿêèõ ñêëàäà¹òüñÿ àíòèôåðîìàãíiòíèé ìàãíîííèé

êðèñòàë, äëÿ ðåàëiçàöi¨ äîêðèòè÷íîãî, íàäêðèòè÷íîãî òà çìiøàíîãî ðåæèìiâ

ðîçïîâñþäæåííÿ íåëiíiéíî¨ ñïiíîâî¨ õâèëi.

Ïðàêòè÷íå çíà÷åííÿ îäåðæàíèõ ðåçóëüòàòiâ. Äèñåðòàöiéíà ðîáîòà

ìà¹ òåîðåòè÷íèé õàðàêòåð. Îòðèìàíi ðåçóëüòàòè ìîæóòü áóòè çàñòîñîâàíè-

ìè ó òåîði¨ ìàãíîííèõ êðèñòàëiâ äëÿ äâîõïiäãðàòêîâèõ àíòèôåðîìàãíåòèêiâ

ç îäíîîñüîâîþ ìàãíiòíîþ àíiçîòðîïi¹þ òà ÷îòèðüîõïiäãðàòêîâèì iíòåðôåé-

ñîì. Çíàéäåíi ðîçïîäiëè íåëiíiéíèõ øâèäêîñòåé òà ¨õ ÷àñòîòè ìîæóòü áóòè

çàñòîñîâàíi äëÿ êîíñòðóþâàííÿ íàäïîòóæíèõ ïðèëàäiâ ïåðåäà÷i iíôîðìàöi¨.

Îñîáèñòèé âíåñîê çäîáóâà÷à. Ó äèñåðòàöi¨ âèêîðèñòàíi ìàòåðiàëè

äîñëiäæåíü, ïðîâåäåíèõ ñïiëüíî ç: 1) Î.Þ. Ãîðîáåöü òà Â.Â. Êóëiøîì [1],

2) Î.Þ. Ãîðîáåöü, Â.Â. Êóëiøîì òà Ä.Â. Ïðîâîëîöüêîþ [3], äå çäîáóâà÷

çäiéñíþâàâ àíàëiòè÷íi ðîçðàõóíêè òà ïîáóäîâó ãðàôiêiâ, áðàâ ó÷àñòü â îáãî-

âîðåííi ðåçóëüòàòiâ òà ôîðìóëþâàííi âèñíîâêiâ.
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Àïðîáàöiÿ ðåçóëüòàòiâ. Îñíîâíi ïîëîæåííÿ äèñåðòàöi¨ îïðèëþäíåíi

íà íàóêîâî-ïðàêòè÷íèõ êîíôåðåíöiÿõ: ìiæíàðîäíèõ: ¾ELECTRONICS AND

APPLIED PHYSICS APHYS 2023¿ (Êè¨â, 2023), Bogolyubov Kyiv Conference

¾Problems of Theoretical and Mathematical Physics¿ (Êè¨â, 2024); íàóêîâèõ

ñåìiíàðàõ: êàôåäðè çàãàëüíî¨ ôiçèêè òà ìîäåëþâàííÿ ôiçè÷íèõ ïðîöåñiâ Íà-

öiîíàëüíîãî òåõíi÷íîãî óíiâåðñèòåòó Óêðà¨íè ¾Êè¨âñüêèé ïîëiòåõíi÷íèé ií-

ñòèòóò iìåíi Iãîðÿ Ñiêîðñüêîãî¿ òà êàôåäðè çàãàëüíî¨ ôiçèêè Íàöiîíàëüíî-

ãî òåõíi÷íîãî óíiâåðñèòåòó Óêðà¨íè ¾Êè¨âñüêèé ïîëiòåõíi÷íèé iíñòèòóò iìåíi

Iãîðÿ Ñiêîðñüêîãî¿.

Ïóáëiêàöi¨. Ðåçóëüòàòè äèñåðòàöi¨ âèêëàäåíî ó 4 íàóêîâèõ ïóáëiêàöiÿõ,

ç ÿêèõ 2 ñòàòòi ó æóðíàëàõ, ùî âõîäÿòü äî íàóêîìåòðè÷íèõ áàç Scopus òà/àáî

Web of Science, 2 ó çáiðíèêàõ òà ìàòåðiàëàõ ìiæíàðîäíèõ êîíôåðåíöié.

Ñòðóêòóðà òà îáñÿã äèñåðòàöi¨. Äèñåðòàöiéíà ðîáîòà ñêëàäà¹òüñÿ çi

âñòóïó, äâîõ ðîçäiëiâ, ðîçïîäiëåíèõ íà ïiäðîçäiëè, çàãàëüíèõ âèñíîâêiâ, ñïè-

ñêó âèêîðèñòàíèõ äæåðåë (132 íàéìåíóâàííÿ, ç íèõ 118 iíîçåìíîþ ìîâîþ)

òà øiñòüîõ äîäàòêiâ, ïåðøèé ç ÿêèõ ìiñòèòü ïåðåëiê óìîâíèõ ïîçíà÷åíü òà

ñêîðî÷åíü, äðóãèé òà òðåòié � ìàòåìàòè÷íi ïåðåòâîðåííÿ òà ðîç'ÿñíåííÿ âiä-

ïîâiäíèõ ôàêòiâ, ÷åòâåðòèé � ñïèñîê ïàðàìåòðiâ äëÿ ôåðîìàãíiòíèõ ìàòåðià-

ëiâ, ï'ÿòèé � ïðîãðàìó íà ìîâi Python äëÿ âiçóàëiçàöi¨ ðåçóëüòàòiâ ó âèïàäêó

äîêðèòè÷íîãî ïîøèðåííÿ õâèëi íàìàãíi÷åíîñòi â îáîõ àíòèôåðîìàãíåòèêàõ,

øîñòèé � ñïèñîê ïóáëiêàöié çäîáóâà÷à çà òåìîþ äèñåðòàöi¨ é âiäîìîñòi ïðî

àïðîáàöiþ ðåçóëüòàòiâ äèñåðòàöi¨. Çàãàëüíèé îáñÿã äèñåðòàöi¨ ñòàíîâèòü 154

ñòîðiíêè, ç ÿêèõ 101 � îñíîâíîãî òåêñòó; ðîáîòà ìiñòèòü 16 ðèñóíêiâ (16 ó

îñíîâíié ÷àñòèíi òà 0 ó äîäàòêàõ).

Ïîäÿêè. Âèñëîâëþþþ ùèðó ïîäÿêó íàóêîâîìó êåðiâíèêó ïðîôåñîðó

Î.Þ. Ãîðîáåöü çà ïîñòàíîâêó çàäà÷i, êîðèñíi ïîðàäè òà çàóâàæåííÿ.
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ÐÎÇÄIË 1

ÃÐÀÍÈ×ÍI ÓÌÎÂÈ ÄËß ÏÀÐÀÌÅÒÐIÂ ÏÎÐßÄÊÓ ÍÀ

×ÎÒÈÐÈÏIÄÃÐÀÄÊÎÂÎÌÓ IÍÒÅÐÔÅÉÑI ÌIÆ ÄÂÎÌÀ

ÄÂÎÕÏIÄÃÐÀÄÊÎÂÈÌÈ ÀÍÒÈÔÅÐÎÌÀÃÍÅÒÈÊÀÌÈ Ç

ÎÄÍÎÎÑÜÎÂÎÞ ÀÍIÇÎÒÐÎÏI�Þ

Ó äàíîìó ðîçäiëi ðîçãëÿäà¹òüñÿ ìîäåëü ìàãíîííîãî êðèñòàëó � ñèñòå-

ìà äâîõ îäíîîñüîâèõ äâîïiäãðàòêîâèõ íàïiâíåñêií÷åííèõ àíòèôåðîìàãíåòèêiâ

(ÀÔÌ) çi ñïiëüíèì iíòåðôåéñîì (ãðàíèöÿ ìiæ ÀÔÌ) çà íàÿâíîñòi âçà¹ìîäi¨

Äçÿëîøèíñüêîãî�Ìîði¨, ïðè÷îìó, îñi ìàãíiòíî¨ àíiçîòðîïi¨ îáîõ ÀÔÌ ñïðÿ-

ìîâàíi îäíàêîâî, ïåðïåíäèêóëÿðíî äî iíòåðôåéñó. Ââàæàþ÷è, ùî iíòåðôåéñ

óòâîðþ¹ ÷üîòèðüîõïiäãðàäêîâó ñèñòåìó, ðîçãëÿäàþòüñÿ ìîæëèâi âèïàäêè äëÿ

åíåðãi¨ iíòåðôåéñó ìiæ ÀÔÌ, çíàõîäÿòüñÿ ôîðìóëè ëîêàëüíèõ ïîëiâ äëÿ ñè-

ñòåìè ðiâíÿíü Ëàíäàó�Ëiôøèöÿ äëÿ êîæíîãî ÀÔÌ. ßê ðåçóëüòàò, ñèñòåìà

ðiâíÿíü Ëàíäàó�Ëiôøèöÿ äëÿ êîæíîãî ÀÔÌ çâîäèòüñÿ äî åêâiâàëåíòíî¨ ñè-

ñòåìè âiäíîñíî áåçðîçìiðíîãî âåêòîðó íàìàãíi÷åíîñòi m⃗i , à òàêîæ áåçðîçìið-

íîãî âåêòîðó àíòèôåðîìàãíåòèçìó (âåêòîðó Íååëÿ) l⃗i äëÿ êîæíîãî ÀÔÌ ç

íîìåðîì i ∈ {1, 2} .
Ðîçäië ñêëàäà¹òüñÿ ç ÷îòèðüîõ ïiäðîçäiëiâ.

Ó ïåðøîìó ïiäðîçäiëi íàâåäåíî îïèñ äîñëiäæóâàíî¨ ìîäåëi ìàãíîííîãî

êðèñòàëó.

Ó äðóãîìó òà òðåòüîìó ïiäðîçäiëàõ ðîçãëÿäàþòüñÿ îá'¹ìíi ãóñòèíè åíåð-

ãi¨ àíòèôåðîìàãíåòèêiâ òà åíåðãiÿ iíòåðôåéñó âiäïîâiäíî, ÿêi íàäàëi âèêîðè-

ñòîâóþòüñÿ â ñèñòåìàõ ðiâíÿíü Ëàíäàó�Ëiôøèöÿ äëÿ êîæíîãî ÀÔÌ.

Ó ÷åòâåðòîìó ïiäðîçäiëi ââàæàþ÷è, ùî iíòåðôåéñ óòâîðþ¹ ÷üîòèðüîõ-

ïiäãðàäêîâó ñèñòåìó, ñèñòåìà ðiâíÿíü Ëàíäàó�Ëiôøèöÿ äëÿ êîæíîãî ÀÔÌ

çâîäèòüñÿ äî åêâiâàëåíòíî¨ ñèñòåìè ðÿâíÿíü âiäíîñíî áåçðîçìiðíîãî âåêòîðó

íàìàãíi÷åíîñòi òà áåçðîçìiðíîãî âåêòîðó àíòèôåðîìàãíåòèçìó äëÿ êîæíîãî

ÀÔÌ. Çíàéäåíî ñïðîùåííÿ äàíèõ ñèñòåì ó âèïàäêó äîâãîõâèëüîâîãî íàáëè-

æåííÿ i ñiãìà�ìîäåëi, ÿê íàñëiäîê, çíàéäåíî âèãëÿä âåêòîðó íàìàãíi÷åíîñòi

äëÿ êîæíîãî ÀÔÌ ïîçà ìåæàìè iíòåðôåéñó. Çíàéäåíî ñèñòåìó ãðàíè÷íèõ
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óìîâ âiäíîñíî âåêòîðiâ àíòèôåðîìàãíåòèçìó, äîñëiäæåíî ¨¨ ñóìiñíiñòü ç ñè-

ñòåìîþ ðiâíÿíü Ëàíäàó�Ëiôøèöÿ, çîêðåìà, äëÿ ñiãìà�ìîäåëi, äëÿ âèïàäêà

äîâãîõâèëüîâîãî íàáëèæåííÿ.

1.1 Ìîäåëü ìàãíîííîãî êðèñòàëó

Ðîçãëÿíåìî ãðàíèöþ (iíòåðôåéñ) ìiæ äâîìà îäíîîñüîâèìè äâîïiäãðà-

òêîâèìè àíòèôåðîìàãíåòèêàìè (äàëi � ÀÔÌ) çà íàÿâíîñòi âçà¹ìîäi¨

Äçÿëîøèíñüêîãî�Ìîði¨ (äèâ., íàïðèêëàä, [36], [37], [32, C. 103�104], [38],

[46�48]). Âiñü ìàãíiòíî¨ àíiçîòðîïi¨ îáîõ ÀÔÌ ñïðÿìîâàíî îäíàêîâî, ïåðïåí-

äèêóëÿðíî äî iíòåðôåéñó (çàóâàæèìî, ùî ðiçíi ìîäåëi äëÿ îäíîãî äâîïiäãðàä-

êîâîãî àíòèôåðîìîãíåòèêà ðîçãëÿäàþòüñÿ, íàïðèêëàä, â ìîíîãðàôi¨ [32] íà

ñòîð. 90�92).

Ðèñ. 1.1: Ìîäåëü ìàãíîííîãî êðèñòàëó, ÿêèé äîñëiäæó¹òüñÿ

Íåõàé âñþäè â îáîõ ÀÔÌ, êðiì îáëàñòi iíòåðôåéñó, ãóñòèíà ìàãíiòíî-

ãî ìîìåíòó ïiäãðàòîê (M⃗ (1)
1 òà M⃗

(1)
2 äëÿ ïåðøîãî ÀÔÌ, M⃗

(2)
1 òà M⃗

(2)
2 �

äëÿ äðóãîãî ÀÔÌ) ¹ íàáëèæåíî îäíîðiäíîþ â ìåæàõ îäíîãî ÀÔÌ, à òàêîæ
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îäíàêîâîþ çà ìîäóëåì ∣∣∣M⃗ (i)
1

∣∣∣ = ∣∣∣M⃗ (i)
2

∣∣∣ , i = 1, 2,

òà ïðîòèëåæíîþ çà íàïðÿìêîì â ìåæàõ îäíîãî ÀÔÌ. Òàêèì ÷èíîì, âåêòîð

íàìàãíi÷åíîñòi îáîõ ÀÔÌ, M⃗ (i) = M⃗
(i)
1 + M⃗

(i)
2 ( i = 1, 2 , � íîìåð ÀÔÌ),

ìîæíà ââàæàòè ìàëèì:

∣∣∣M⃗ (i)
∣∣∣≪ M0i :=

∣∣∣M⃗ (i)
1

∣∣∣+ ∣∣∣M⃗ (i)
2

∣∣∣
2

, i = 1, 2.

Çàóâàæèìî, ùî íàâåäåíi ôîðìóëè çàñòîñîâíi äëÿ ÀÔÌ â îñíîâíîìó ñòàíi.

Âiäïîâiäíî, äëÿ âåêòîðó àíòèôåðîìàãíåòèçìó (âåêòîð Íååëÿ)

L⃗(i) = M⃗
(i)
1 − M⃗

(i)
2 (ëåãêî âñòàíîâèòè, ùî

∣∣∣L⃗(i)
∣∣∣ = ∣∣∣M⃗ (i)

1

∣∣∣ + ∣∣∣M⃗ (i)
2

∣∣∣ , i = 1, 2 ),

áóäå, î÷åâèäíî, âèêîíóâàòèñü ñïiââiäíîøåííÿ∣∣∣M⃗ (i)
∣∣∣≪ ∣∣∣L⃗(i)

∣∣∣ , i = 1, 2.

Êîíñòàíòè àíiçîòðîïi¨ äëÿ ÀÔÌ ç íîìåðîì i ∈ {1, 2} ïîçíà÷èìî ÷åðåç

β1i òà β2i âiäïîâiäíî, íåîäíîðiäíi îáìiííi êîíñòàíòè � αi òà α′
i (αi > 0 ,

i = 1, 2 ); êîíñòàíòó åíåðãi¨ îäíîðiäíîãî îáìiíó � δi ; ãiðîìàãíiòíå âiäíîøåííÿ

γ (äèâ., íàïðèêëàä, [30], ñ. 10) ââàæà¹ìî âiäîìèì.

Âðàõó¹ìî òàêîæ âçà¹ìîäiþ Äçÿëîøèíñüêîãî�Ìîði¨ (ÂÄÌ), ââiâøè äëÿ

ÀÔÌ ç íîìåðîì i âåêòîð d⃗i Äçÿëîøèíñüêîãî-Ìîði¨ ( i = 1, 2 ). Òîâùèíó ïå-

ðåõiäíî¨ îáëàñòi ìiæ äâîìà ÀÔÌ (ÿêà ïðåäñòàâëÿ¹ ñîáîþ âëàñíå iíòåðôåéñ)

ïîçíà÷èìî δ0 . Ãiðîìàãíiòíå âiäíîøåííÿ îáîõ ÀÔÌ γ ââàæà¹ìî îäíàêîâèì

òà âiäîìèì: γ ≈ e ge
2me

≈ e
me

≈ 175, 8 ÃÃö/Òë, íåõòóþ÷è ñïîñòåðåæíèì åêñ-

ïåðèìåíòàëüíî âiäõèëåííÿì âiä öi¹¨ âåëè÷èíè äëÿ ðÿäó ìàãíiòîâïîðÿäêîâà-

íèõ ìàòåðiàëiâ, äå ge ≈ 2 � ôàêòîð Ëàíäå åëåêòðîíà, e � åëåìåíòàðíèé

çàðÿä, me � ìàñà åëåêòðîíà (çîêðåìà, âiäîìî, ùî äëÿ ôåðîìàãíiòíîãî íàíî-

äðîòó ç Ni80Fe20 ãiðîìàãíiòíå âiäíîøåííÿ ñêëàäà¹ 184.7 ÃÃö/Òë, ç Ni65Fe35 �
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165.5 ÃÃö/Òë [5]; ó òîé ÷àñ ÿê äëÿ ñóöiëüíîãî çðàçêó Ni65Fe35 ãiðîìàãíiòíå

âiäíîøåííÿ ñòàíîâèòü 167.2 ÃÃö/Òë [5].)

Ââåäåìî áåçðîçìiðíèé âåêòîð íàìàãíi÷åíîñòi m⃗i , à òàêîæ áåçðîçìiðíèé

âåêòîð àíòèôåðîìàãíåòèçìó (âåêòîð Íååëÿ) l⃗i äëÿ êîæíîãî ÀÔÌ:

m⃗i =
M⃗

(i)
1 + M⃗

(i)
2

2M0i
, l⃗i =

M⃗
(i)
1 − M⃗

(i)
2

2M0i
, i = 1, 2. (1.1)

Ðèñ. 1.2: Âåêòîð Íååëÿ ó ïåðiîäè÷íèõ ìóëüòèøàðîâèõ íàíîñòðóêòóðàõ òèïó ÀÔÌ�ÀÔÌ ç

îäíîîñíîþ ìàãíiòíîþ àíiçîòðîïi¹þ

1.2 Îá'¹ìíi ãóñòèíè åíåðãié àíòèôåðîìàãíåòèêiâ

Çàñòîñó¹ìî âiäîìèé âèðàç äëÿ åíåðãi¨ ÀÔÌ ç óðàõóâàííÿì âçà¹ìîäi¨

Äçÿëîøèíñüêîãî�Ìîði¨, à ñàìå

Wi =

∫
d V

δi
2

(
M⃗ (i)

)2
+

αi

2

∑
j

(
∂L⃗(i)

∂xj

)2

+
α′
i

2

∑
j

(
∂M⃗ (i)

∂xj

)2

−

−1

2
β1i

(
L(i)
z

)2
− 1

2
β2i

(
M (i)

z

)2
+ d⃗i

[
M⃗ (i) × L⃗(i)

]
− M⃗ (i) · H⃗0

)
,

(1.2)
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(äèâ., íàïðèêëàä, [7]), äå H⃗0 � çîâíiøí¹ ìàãíiòíå ïîëå, â ÿêîìó çíàõîäÿòüñÿ

îáèäâà ÀÔÌ (ââàæà¹òüñÿ îäíîðiäíèì), L⃗(i) = M⃗
(1)
i − M⃗

(2)
i � âåêòîð àíòè-

ôåðîìàãíåòèçìó ÀÔÌ ç íîìåðîì i ∈ {1, 2} , âiñü Oz ñïðÿìîâàíî óçäîâæ

ñïiëüíî¨ îñi ìàãíiòíî¨ àíiçîòðîïi¨ äâîõ ÀÔÌ, à iíòåãðóâàííÿ âiäáóâà¹òüñÿ ïî

âñüîìó îá'¹ìó ÀÔÌ.

Ïåðåéäåìî â îñòàííüîìó âèðàçi äî áåçðîçìiðíèõ m⃗i , l⃗i , i = 1, 2 . Â ðå-

çóëüòàòi îòðèìà¹ìî

Wi = 4 (M0i)
2

∫
d V

(
δi
2
(m⃗i)

2 +
αi

2

(
∇⃗l⃗i

)2
+

α′
i

2

(
∇⃗m⃗i

)2
+

+
1

2
β1i (liz)

2 +
1

2
β2i (miz)

2 + d⃗i

[
m⃗i × l⃗i

]
− m⃗i · h⃗0i

)
, i = 1, 2,

(1.3)

äå h⃗0i = H⃗0/ (2M0i) , ïðè÷îìó, äëÿ çðó÷íîñòi ðîçðàõóíêiâ îáðàíî iíøèé (ïî

âiäíîøåííþ äî (1.2)) çíàê êîíñòàíò îäíîîñüîâî¨ àíiçîòðîïi¨ äëÿ ëåãêîîñüîâîãî

òà ëåãêîïëîùèííîãî àíòèôåðîìàãíåòèêiâ.

Ç ôîðìóëè (1.3), îäåðæó¹ìî, ùî îá'¹ìíà ãóñòèíè wi åíåðãi¨ i -ãî ÀÔÌ

âèçíà÷à¹òüñÿ ðiâíîñòþ

wi = 4 (M0i)
2

(
δi
2
(m⃗i)

2 +
αi

2

(
∇⃗l⃗i

)2
+

α′
i

2

(
∇⃗m⃗i

)2
+

+
1

2
β1i (liz)

2 +
1

2
β2i (miz)

2 + d⃗i

[
m⃗i × l⃗i

]
− m⃗i h⃗0i

)
, i = 1, 2,

(1.4)

1.3 Ïîâåðõíåâà ãóñòèíà åíåðãi¨ iíòåðôåéñó

Äëÿ çíàõîäæåííÿ åíåðãi¨ iíòåðôåéñó óçàãàëüíèìî âiäîìó ìîäåëü, çãiäíî

ÿêî¨ ãðàíèöÿ ìiæ äâîìà ôåðîìàãíåòèêàìè ìîæå áóòè îïèñàíà ÿê äâîïiäãðà-

òêîâà ñèñòåìà. Îáèäâà ôåðîìàãíåòèêè ââàæàþòüñÿ îäíîîñüîâèìè, ç âiññþ ìà-

ãíiòíî¨ àíiçîòðîïi¨, ùî ñïðÿìîâàíà îðòîãîíàëüíî äî ïëîñêîãî iíòåðôåéñó. Òîäi

(äèâ., íàïðèêëàä, [12�14]) åíåðãiþ iíòåðôåéñó ìiæ äâîìà ôåðîìàãíåòèêàìè

(ç ðiâíîâàæíèìè íàìàãíi÷åíîñòÿìè M⃗FM
1 , M⃗FM

2 ) ìîæíà çàïèñàòè ó âèãëÿäi

W FM
S =

∫
dV δ(z)AFMM⃗FM

1 M⃗FM
2 ,

äå AFM � êîíñòàíòà îäíîðiäíîãî îáìiíó ìiæ ãðàòêàìè ôåðîìàãíåòèêiâ, âiñü

Oz ñïðÿìîâàíî óçäîâæ îñi ìàãíiòíî¨ àíiçîòðîïi¨ îáîõ ôåðîìàãíåòèêiâ (íîð-
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ìàëüíî äî ïëîùèíè iíòåðôåéñó), iíòåãðóâàííÿ âåäåòüñÿ ïî âñié îáëàñòi iíòåð-

ôåéñó (ùî ââàæà¹òüñÿ òàêèì, ÿêèé ìà¹ ìàëó, àëå ñêií÷åíó òîâùèíó). Òîâùè-

íà iíòåðôåéñó â çàçíà÷åíié ìîäåëi ââàæà¹òüñÿ íàáàãàòî ìåíøîþ çà äîâæèíó

ñïiíîâî¨ õâèëi. Êîðåêòíiñòü äàíî¨ ìîäåëi ïiäòâåðäæó¹òüñÿ áàãàòüìà ðåçóëüòà-

òàìè ÷èñåëüíèõ ìîäåëþâàíü (äèâ., íàïðèêëàä, [12�16]).

Çàñòîñó¹ìî àíàëîãi÷íó ìîäåëü äî äîñëiäæóâàíî¨ ãðàíèöi ìiæ àíòèôåðî-

ìàãíåòèêàìè. Âiäïîâiäíî, öÿ ãðàíèöÿ ìîæå áóòè ïðåäñòàâëåíà ÿê ÷îòèðèïi-

äãðàòêîâà ñèñòåìà, à ¨¨ åíåðãiÿ � àíàëîãi÷íî îïèñàíîãî âèùå ïiäõîäó � ìîæå

áóòè çàïèñàíà ó âèãëÿä

WS =

∫
dV δ(z)

(
A11M⃗

(1)
1 M⃗

(2)
1 + A12M⃗

(1)
1 M⃗

(2)
2 +

+A21M⃗
(1)
2 M⃗

(2)
1 + A22M⃗

(1)
2 M⃗

(2)
2

)
,

(1.5)

äå A11 , A12 , A21 , A22 � êîíñòàíòè îäíîðiäíîãî îáìiíó ìiæ ïiäãðàòêàìè ði-

çíèõ ÀÔÌ â iíòåðôåéñi, âiñü Oz ñïðÿìîâàíî óçäîâæ îñi ìàãíiòíî¨ àíiçîòðîïi¨

îáîõ ÀÔÌ (íîðìàëüíî äî ïëîùèíè iíòåðôåéñó).

Ïiäñòàâëÿþ÷è ðiâíîñòi

M⃗
(i)
1 = M0i

(
m⃗i + l⃗i

)
, M⃗

(2)
i = M0i

(
m⃗i − l⃗i

)
, i = 1, 2,

(ÿêi ¹ íàñëiäêàìè (1.1)) ó ñïiââiäíîøåííÿ (1.5), ïåðåòâîðèìî

WS =

∫
dV δ(z)M01M02

(
A11

(
m⃗1 + l⃗1

)(
m⃗2 + l⃗2

)
+

+A12

(
m⃗1 + l⃗1

)(
m⃗2 − l⃗2

)
+

+ A21

(
m⃗1 − l⃗1

)(
m⃗2 + l⃗2

)
+ A22

(
m⃗1 − l⃗1

)(
m⃗2 − l⃗2

))
.

Çâiäñè îñòàòî÷íî îòðèìó¹ìî

WS =

∫
dV δ(z)M01M02

(
ammm⃗1m⃗2 + amlm⃗1l⃗2 + alml⃗1m⃗2 + all⃗l1l⃗2

)
, (1.6)

äå êîìáiíàöi¨ êîíñòàíò âèçíà÷àþòüñÿ ðiâíîñòÿìè:

amm = A11 + A12 + A21 + A22, alm = A11 − A12 + A21 − A22,

aml = A11 + A12 − A21 − A22, all = A11 − A12 − A21 + A22.
(1.7)
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Ç (1.6), ìà¹ìî ðiâíiñòü äëÿ ïîâåðõíåâî¨ ãóñòèíè åíåðãi¨ iíòåðôåéñó:

wS = δ(z)M01M02

(
amm m⃗1m⃗2 + aml m⃗1l⃗2 + alm l⃗1m⃗2 + all l⃗1l⃗2

)
. (1.8)

Ç ðiâíîñòi (1.6) âèïëèâà¹ òàêîæ, ùî îñêiëüêè |m⃗i| ≪
∣∣∣⃗li∣∣∣ , i = 1, 2 , â

ñiãìà ìîäåëi, òî â ïåðøîìó âèïàäêó ïðè

all ≈ alm ≈ aml ≈ amm ̸= 0

ó âèðàçi (1.6) ìîæíà íåõòóâàòè ïåðøèìè òðüîìà äîäàíêàìè. Òîáòî

all l⃗1l⃗2 ≥ amm m⃗1m⃗2 + aml m⃗1l⃗2 + alm l⃗1m⃗2 ≈ all l⃗1l⃗2.

Àíàëiç ïîêàçó¹, ùî amm ≈ aml ≈ alm ≈ all ¹ ÷àñòêîâèì âèïàäêîì.

Ñïðàâäi, ç âèçíà÷åííÿ öèõ êîíñòàíò (1.7) (amm ìiñòèòü ñóìó îáìiííèõ êîí-

ñòàíò, à âñi iíøi êîìáiíàöi¨ � ïî äâi ðiçíèöi) òà òîãî ôàêòó, ùî êîíñòàí-

òè îäíîðiäíîãî îáìiíó A11 , A12 , A21 , A22 ¹ äîäàòíèìè, âèïëèâà¹, ùî

amm > max {|aml| , |alm| , |all|} . Ïðè öüîìó ÿêùî óñi ÷îòîðè êîíñòàíòè îäíîði-
äíîãî îá'¹ìó ¹ îäíîãî ïîðÿäêó

A11 ∽ A12 ∽ A21 ∽ A22,

òî

amm > max {|aml| , |alm| , |all|} ,

òîìó äîäàíîê amm m⃗1m⃗2 íå ìîæå áóòè çíåõòóâàíèì, íåçâàæàþ÷è íà òå, ùî

|m⃗i| ≪
∣∣∣⃗li∣∣∣ , i = 1, 2 .

ßêùî ïðè öüîìó |aml| , |alm| òà |all| ¹ îäíîãî ïîðÿäêó àáî

|all| ≫ max {|aml| , |alm|} , òî äîäàíêè aml m⃗1l⃗2 , alm l⃗1m⃗2 ìîæíà çíåõòóâàòè

â ñèëó óìîâ |m⃗i| ≪
∣∣∣⃗li∣∣∣ , i = 1, 2 , òîäi ìà¹ìî

amm m⃗1m⃗2 + aml m⃗1l⃗2 + alm l⃗1m⃗2 + all l⃗1l⃗2 ≈ amm m⃗1m⃗2 + all l⃗1l⃗2,

äå ìàëiñòü äîäàíêiâ amm m⃗1m⃗2 , all l⃗1l⃗2 âiäíîñíî îäèí îäíîãî ìîæíà ðîçãëÿ-

äàòè ó ÿêîñòi ÷àñòêîâèõ âèïàäêiâ. ßêùî æ íå âèêîíó¹òüñÿ ïîäâiéíå ñïiââiä-

íîøåííÿ

|aml| ∽ |alm| ∽ |all|
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àáî

|all| ≫ max {|aml| , |alm|} ,

òî íå ìîæíà çíåõòóâàòè íàâiòü çàçíà÷åíi äîäàíêè aml m⃗1l⃗2 , alm l⃗1m⃗2 .

Îñêiëüêè amm ìiñòèòü ñóìó îáìiííèõ êîíñòàíò, à âñi iíøi êîìáiíàöi¨ �

ïî äâi ðiçíèöi, i ç óñiõ îáìiííèõ êîíñòàíò â êîìáiíàöi¨ amm , aml , alm , all òiëü-

êè A11 âõîäèòü ç îäíàêîâèì çíàêîì ¾ïëþñ¿, òî äëÿ òîãî, ùîá âèêîíóâàëèñü

íàáëèæåííÿ

amm ≈ aml ≈ alm ≈ all,

ìà¹ ðåàëiçóâàòèñü äîñèòü ñïåöèôi÷íà óìîâà A11 ≫ max {A12, A22} . Òîäi ðiâ-
íiñòü (1.5) íàáóâà¹ âèãëÿäó

WS =

∫
d V δ(z)M01M02 all⃗l1l⃗2. (1.9)

Äàíå ñïðîùåííÿ (1.9) âèðàçó (1.6) ¹ âàæëèâèì òîìó, ùî ÿê áóäå ïîêàçà-

íî äàëi, ðiâíÿííÿ Ëàíäàó�Ëiôøèöÿ â ñiãìà ìîäåëi (äèâ., íàïðèêëàä, [18]) â

çàãàëüíîìó âèïàäêó ¹ íåñóìiñíèì ç ãðàíè÷íèìè óìîâàìè, âèâåäåíèìè ç íà-

ÿâíiñòþ óñiõ ÷îòèðüîõ äîäàíêiâ ó ïiäiíòåãðàëüíîìó âèðàçi (1.6).

Â äðóãîìó âèïàäêó, ÿêùî all = A11 − A12 − A21 + A22 = 0 (à öå ìî-

æå ñïîñòåðiãàòèñÿ äëÿ iíòåðôåéñó iç ñèìåòðè÷íèì âèãëÿäîì åíåðãi¨ âçà¹ìîäi¨

÷îòèðüîõ ìàãíiòíèõ ïiäãðàòîê ïðè A11 = A12 = A21 = A22 ), òî

WS =

∫
d V δ(z)M01M02

(
aml m⃗1l⃗2 + alm l⃗1m⃗2

)
, (1.10)

îñêiëüêè aml m⃗1l⃗2 + alm l⃗1m⃗2 ≫ amm m⃗1m⃗2 i all l⃗1l⃗2 = 0 .

ßêùî ëiíiéíà êîìáiíàöiÿ all ¹ íàñòiëüêè ìàëîþ, ùî äîäàíîê all l⃗1l⃗2

¹ íàáàãàòî ìåíøèì çà òðè iíøi, íåçâàæàþ÷è íà óìîâè |m⃗i| ≪
∣∣∣⃗li∣∣∣ ,

i = 1, 2 , (òàê ùî A11 + A22 ≈ A12 + A21 ), òî äëÿ òèïîâîãî âèïàäêó

amm ≫ max {|aml| , |alm|} äîäàíêè aml m⃗1l⃗2 , alm l⃗1m⃗2 ìîæóòü âèÿâèòèñü òîãî

ïîðÿäêó, ùî é amm m⃗1m⃗2 , ÷è íàâiòü íàáàãàòî ìåíøèìè. Âiäïîâiäíî, â çàãàëü-

íîìó âèïàäêó, ïðè îáðàõóíêó ñóìè

amm m⃗1m⃗2 + aml m⃗1l⃗2 + alm l⃗1m⃗2 + all l⃗1l⃗2

ïîòðiáíî âðàõîâóâàòè óñi òðè äîäàíêè, ùî çàëèøèëèñü, àáî íàêëàñòè

ñïåöèôi÷íó óìîâó � íàïðèêëàä, ÿêùî A22 , A12 ¹ ìàëèìè, ïîðiâíÿíî
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ç A11 , A21 , òî êîìáiíàöiÿ alm ñòà¹ ïîðÿäêó amm , i, îòæå, äîäàíêîì

ammm⃗1m⃗2 ìîæíà çíåõòóâàòè, òîìó ùî ïðè alm ∽ amm âèêîíó¹òüñÿ îöiíêà

amm m⃗1m⃗2 ≪ alm l⃗1m⃗2 â ñèëó ñïiââiäíîøåíü |m⃗i| ≪
∣∣∣⃗li∣∣∣ , i = 1, 2 . Äàëi äëÿ

âèâåäåííÿ ãðàíè÷íèõ óìîâ â (1.6) äëÿ çðó÷íîñòi áóäóòü âðàõîâóâàòèñü óñi

÷îòèðè äîäàíêè â ïiäiíòåãðàëüíîìó âèðàçi i áóäå ïîêàçàíî, ùî îòðèìàíi ãðà-

íè÷íi óìîâè â ñiãìà ìîäåëi ó çàãàëüíîìó âèïàäêó ¹ íåñóìiñíèìè ç ðiâíÿííÿìè

Ëàíäàó�Ëiôøèöÿ â öié ìîäåëi. Òîìó ÿê íàñëiäîê ðîçðàõóíêó ãðàíè÷íèõ óìîâ

áóäå îòðèìàíî ðiçíi ãðàíè÷íi óìîâè äëÿ ïåðøîãî i äðóãîãî âèïàäêiâ, ÿêi ¹ ñó-

ìiñíèìè ç ðiâíÿííÿìè Ëàíäàó�Ëiôøèöÿ.

1.4 Cèñòåìà ðiâíÿíü Ëàíäàó�Ëiôøèöÿ äëÿ àíòèôåðîìàãíå-

òèêiâ â ñiãìà�ìîäåëi ç ãðàíè÷íèìè óìîâàìè äëÿ âåêòîðà

àíòèôåðîìàãíåòèçìó

Cèñòåìà ðiâíÿíü Ëàíäàó�Ëiôøèöÿ äëÿ êîæíîãî ç ÀÔÌ ìà¹ íàñòóïíèé

âèãëÿä (äèâ., íàïðèêëàä, [18, c. 198] àáî [32, c. 284]):
∂M⃗ (i)

∂t = −γ
(
M⃗ (i) × H⃗ef

mi + L⃗(i) × H⃗ef
li

)
,

∂L⃗(i)

∂t = −γ
(
L⃗(i) × H⃗ef

mi + M⃗ (i) × H⃗ef
li

)
,

(1.11)

äå H⃗ef
mi = − δw

δM⃗ (i)
i H⃗ef

li = − δw

δL⃗(i)
ïîçíà÷àþòü åôåêòèâíi ïîëÿ, w � ïîâíà

ãóñòèíà ìàãíiòíî¨ åíåðãi¨ ìàãíîííîãî êðèñòàëó (w = w1+wS +w2 ; wi , wS �

ãóñòèíà åíåðãi¨ âëàñíå ÀÔÌ ç íîìåðîì i ∈ {1, 2} òà âiäïîâiäíî iíòåðôåéñó),

L⃗(i) =
(
M⃗

(i)
1 − M⃗

(i)
2

)
� âåêòîð àíòèôåðîìàãíåòèçìó, i = 1, 2 , âàðiàöiéíà

ïîõiäíà δΦ/δM⃗ ôóíêöi¨ Φ: R3 −→ R âèçíà÷à¹òüñÿ ðiâíiñòþ (äèâ., íàïðè-

êëàä, [32], c. 283):

δΦ

δM⃗
=

∂Φ

∂M⃗
−

3∑
j=1

∂

∂xj

 ∂Φ

∂
(
∂M⃗/∂xj

)
 , x1 = x, x2 = y, x3 = z.

Ïåðåõîäÿ÷è äî áåçðîçìiðíèõ m⃗i , l⃗i , ïåðåïèøåìî (1.11) ç óðàõóâàííÿì

(1.1) ó âèãëÿäi {
1
γ
∂m⃗i

∂t = m⃗i × H⃗ef
mi + l⃗i × H⃗ef

li ,
1
γ
∂l⃗i
∂t = l⃗i × H⃗ef

mi + m⃗i × H⃗ef
li ,

(1.12)
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ïðè÷îìó åôåêòèâíå ïîëå

H⃗ef
mi = − δw

δM⃗ (i)
= − 1

2M0i

δw

δm⃗i
= − 1

2M0i

(
δwi

δm⃗i
+

δwS

δm⃗i

)
,

(äå wi , wS � ãóñòèíà åíåðãi¨ âëàñíå ÀÔÌ ç íîìåðîì i ∈ {1, 2} òà âiäïîâiäíî

iíòåðôåéñó, ïîâíà ãóñòèíà ìàãíiòíî¨ åíåðãi¨ w = w1 +wS +w2 ), i àíàëîãi÷íî

H⃗ef
li = − 1

2M0i

(
δwi

δl⃗i
+

δwS

δl⃗i

)
.

Ó âèðàçi (1.12) äëÿ çðó÷íîñòi çàïèñó îáðàíî âàðiàíò ââåäåííÿ ãi-

ðîìàãíiòíîãî âiäíîøåííÿ, ùî âðàõîâó¹ âiä'¹ìíèé çíàê çàðÿäó åëåêòðîíà:

γ → −γ < 0 . Ââîäÿ÷è áåçðîçìiðíå åôåêòèâíå ìàãíiòíå ïîëå ïðè i ∈ {1, 2} ,
ÿê

h⃗ef
mi =

2H⃗ef
mi

M0i
= − 1

(M0i)
2

(
δwi

δm⃗i
+

δwS

δm⃗i

)
,

h⃗ef
li =

2H⃗ef
li

M0i
= − 1

(M0i)
2

(
δli
δm⃗i

+
δwS

δl⃗i

)
,

(1.13)

ñèñòåìó ðiâíÿíü (1.12) îñòàòî÷íî ïåðåïèñó¹ìî ó ôîðìi{
2

γM0i

∂m⃗i

∂t = m⃗i × h⃗ef
mi + l⃗i × h⃗ef

li ,
2

γM0i

∂l⃗i
∂t = l⃗i × h⃗ef

mi + m⃗i × h⃗ef
li .

(1.14)

1.4.1 Îáðàõóíîê ãóñòèí åíåðãié òà ¨õ âàðiàöiéíèõ ïîõiäíèõ

Ãóñòèíè åíåðãié wi òà wS , ùî âèçíà÷àþòü åôåêòèâíå ìàãíiòíå ïîëå

èçíà÷àþòüñÿ ðiâíîñòÿìè (1.4) òà (1.8). Çíàéäåìî âàðiàöiéíi ïîõiäíi öèõ ãó-

ñòèí. Âðàõîâóþ÷è ðiâíîñòi

δ (miz)
2

δm⃗i
= 2miz e⃗z,

δ

δm⃗i

(
d⃗i

[
m⃗i × l⃗i

])
=
[⃗
li × d⃗i

]
,

îäåðæó¹ìî

δwi

δm⃗i
= 4 (M0i)

2
(
δi m⃗i − α′

i∆m⃗i + β2ie⃗zmiz +
[⃗
li × d⃗i

]
− h⃗i

)
,

δwi

δl⃗i
= 4 (M0i)

2
(
−αi∆l⃗i + β1ie⃗zliz +

[
d⃗i × m⃗i

])
,
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δwi

δm⃗i
= 4 (M0i)

2 δ

δm⃗i

(
1

2
(δi (m⃗i))

2 +
αi

2

(
∇⃗l⃗i

)2
+

α′
i

2

(
∇⃗m⃗i

)2
+

+
1

2
β1i (liz)

2 +
1

2
β2i (miz)

2 + d⃗i

[
m⃗i × l⃗i

]
− m⃗i h⃗0i

)
=

= 4 (M0i)
2

(
δi m⃗i +

1

2
α′
i

δ

δm⃗i

(
∇⃗m⃗i

)2
+

1

2
β2i

δ (miz)
2

δm⃗i
+

δ

δm⃗i
d⃗i

[
m⃗i × l⃗i

]
− h⃗0i

)
.

Äëÿ ïåðåòâîðåííÿ δ
δm⃗i

(
∇⃗m⃗i

)2
çàóâàæèìî, ùî âèðàç 1

2α
′
i

(
∇⃗m⃗i

)2
¹ åëåìåíòîì ãóñòèíè åíåðãi¨ (1.4), ïðè÷îìó äëÿ iíòåãðàëó

δ

(∫ (
∇⃗m⃗i

)2
dV

)
=
∫
δ

((
∇⃗m⃗i

)2)
dV âèêîíó¹òüñÿ ðiâíiñòü

∫
δ

((
∇⃗m⃗i

)2)
dV =

= 2

∫ (
∂m⃗i

∂x

∂ (δm⃗i)

∂x
+

∂m⃗i

∂y

∂ (δm⃗i)

∂y
+

∂m⃗i

∂z

∂ (δm⃗i)

∂z

)
dx dy dz

(1.15)

(âiäìiòèìî, êðiì òîãî, ùî âèðàç 1
2α

′
i

(
∇⃗m⃗i

)2
¹ çãîðòêîþ òåíçîðà, à íå ñêà-

ëÿðíèì äîáóòêîì ∇⃗ · m⃗i = div (m⃗i) =
∂mix

∂x +
∂miy

∂y + ∂miz

∂z . Ñïðàâäi, âiäïîâiä-

íèé äîäàíîê ó âèõiäíîìó âèðàçi äëÿ ãóñòèíè åíåðãi¨ 1
2αjk

∂M⃗
∂xj

∂M⃗
∂xk

, äå αjk �

êîìïîíåíòè îáìiííîãî òåíçîðó α̂ (äèâ. [23]), äëÿ äîñëiäæóâàíîãî âèïàäêó

âèðîäæåííÿ òåíçîðó íåîäíîðiäíîãî îáìiíó

α̂ =


α 0 0

0 α 0

0 0 α


ñïðîñòèòüñÿ äî âèðàçó 1

2α
′
i

∑
j

(
∂m⃗i

∂xj

)2
. Âiäïîâiäíî, ó âèðàç (1.15) âõîäèòü ñóìà

∂m⃗2

∂x

∂ (δm⃗i)

∂x
+

∂m⃗i

∂y

∂ (δm⃗i)

∂y
+

∂m⃗i

∂z

∂ (δm⃗i)

∂z
,

à íå äîáóòîê(
∂mix

∂x
+

∂miy

∂y
+

∂miz

∂z

)(
∂δmix

∂x
+

∂δmiy

∂y
+

∂δmiz

∂z

)
=

3∑
j,k=1

∂mij

∂xj

∂ (δmik)

∂xk
,

äå mi1 := mix , mi2 := miy , mi3 := miz , i = 1, 2 .)
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Äëÿ íåñêií÷åííîãî àíòèôåðîìàãíåòèêà ìîæíà çàïèñàòè∫
∂m⃗i

∂x

∂ (δm⃗i)

∂x
dx dy dz =

∫
dy dz

((
δm⃗i

∂m⃗i

∂x

)∣∣∣∣x=+∞

x=−∞
−
∫

δm⃗i
∂2m⃗i

∂x2
dx

)
=

= −
∫

δm⃗i
∂2m⃗i

∂x2
dx dy dz,

îñêiëüêè â ñèëó óìîâè âiäñóòíîñòi çáóðåíü íà íåñêií÷åííîñòi ñïðàâåäëèâà

ðiâíiñòü
(
δm⃗i

∂m⃗i

∂x

)∣∣x=+∞
x=−∞ = 0 .

Çàñòîñîâóþ÷è àíàëîãi÷íi ìiðêóâàííÿ äî äîäàíêiâ ∂m⃗i

∂y
∂(δm⃗i)
∂y òà ∂m⃗i

∂z
∂(δm⃗i)
∂z ,

ïåðåïèøåìî

2

∫ (
∂m⃗i

∂x

∂ (δm⃗i)

∂x
+

∂m⃗i

∂y

∂ (δm⃗i)

∂y
+

∂m⃗i

∂z

∂ (δm⃗i)

∂z

)
dx dy dz =

= −2

∫ (
∂2m⃗i

∂x2
+

∂2m⃗i

∂y2
+

∂2m⃗i

∂z2

)
δm⃗i dx dy dz = −2

∫
∆m⃗i δm⃗i dV.

Ïðîòå, äëÿ äîñëiäæóâàíèõ íàïiâíåñêåí÷åííèõ àíòèôåðîìàãíåòèêiâ íà-

âåäåíi âèùå ìiðêóâàííÿ ìîæíà çàñòîñóâàòè ëèøå äëÿ äîäàíêiâ ∂m⃗i

∂y
∂(δm⃗i)
∂y òà

∂m⃗i

∂z
∂(δm⃗i)
∂z , à äëÿ äîäàíêó ∂m⃗i

∂z
∂(δm⃗i)
∂z ìàþòü ìiñöå ïåðåòâîðåííÿ âiäïîâiäíî äëÿ

i = 2 òà i = 1 :∫
∂m⃗2

∂z

∂ (δm⃗2)

∂z
dx dy dz =

∫
dx dy

((
δm⃗2

∂m⃗2

∂z

)∣∣∣∣z=+∞

z=0

−
∫

δm⃗2
∂2m⃗2

∂z2
dz

)
,

∫
∂m⃗1

∂z

∂ (δm⃗1)

∂z
dx dy dz =

∫
dx dy

((
δm⃗1

∂m⃗1

∂z

)∣∣∣∣z=0

z=−∞
−
∫

δm⃗1
∂2m⃗1

∂z2
dz

)
.

ßêùî, àíàëîãi÷íî äî âèïàäêó íåñêií÷åííîãî àíòèôåðîìàãíåòèêó,

δm⃗i
∂m⃗i

∂x

∣∣∣∣
z=±∞

:= lim
z→±∞

δm⃗i
∂m⃗i

∂x
= 0,

òî ãðàíè÷íi çíà÷åííÿ δm⃗i
∂m⃗i

∂x

∣∣
z=0

:= lim
z→0

δm⃗i
∂m⃗i

∂x íå ¹ òîòîæíî ðiâíèìè íóëåâi

ó çàãàëüíîìó âèïàäêó. Òàêèì ÷èíîì, äëÿ äîñëiäæóâàíîãî iíòåðôåéñó ìiæ

àíòèôåðîìàãíåòèêàìè ñïðàâäæó¹òüñÿ ðiâíiñòü

= 2

∫ (
∂m⃗i

∂x

∂ (δm⃗i)

∂x
+

∂m⃗i

∂y

∂ (δm⃗i)

∂y
+

∂m⃗i

∂z

∂ (δm⃗i)

∂z

)
dx dy dz =

= 2

(
δm⃗i

∂m⃗i

∂x

∣∣∣∣
z=0

−
∫

∆m⃗i δm⃗i dV

)
.
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Äîñëiäèìî äîäàíêè δm⃗i
∂m⃗i

∂x

∣∣
z=0

. Çàóâàæèìî, ùî ó ñèñòåìi ðiâíÿíü (1.14)

åôåêòèâíi âíóòðiøíi ïîëÿ (1.13) âõîäÿòü âèêëþ÷íî ó âåêòîðíèõ äîáóòêàõ

m⃗i× h⃗ef
mi , m⃗i× h⃗ef

li , l⃗i× h⃗ef
mi , l⃗i× h⃗ef

li , òîìó äîäàíêè δm⃗i
∂m⃗i

∂x

∣∣
z=0

óòâîðþþòü ëi-

íiéíi êîìáiíàöi¨ âiäïîâiäíî åëåìåíòiâ
(
m⃗i × ∂m⃗i

∂z

∣∣
z=0

)
δm⃗i ,

(
l⃗i × ∂m⃗i

∂z

∣∣∣
z=0

)
δm⃗i .

Çàóâàæèâøè öå, ìîæëèâî ïðîiíòåãðóâàòè ðiâíÿííÿ Ëàíäàó�Ëiôøèöÿ çà òîâ-

ùèíîþ iíòåðôåéñó (ó íàïðÿìêó îäíi¹¨ ç íîðìàëåé äî éîãî ãðàíèöü) i, òàêèì

÷èíîì, çâåñòè çàäà÷ó äî àíàëîãi÷íî¨ çàäà÷i, ùî îïèñó¹ iíòåðôåéñ ìiæ äâîìà

ôåðîìàãíåòèêàìè (äèâ., íàïðèêëàä, [23]). Ïîâòîðèâøè íàâåäåíi ó [23] ìiðêó-

âàííÿ äëÿ iíòåðôåéñó ìiæ àíòèôåðîìàãíåòèêàìè, îòðèìó¹ìî àíàëîãi÷íi ãðà-

íè÷íi óìîâè, çãiäíî ÿêèì, iíòåðãàë çà òîâùèíîþ iíòåðôåéñó âiä çàçíà÷åíèõ

âèùå âåêòîðíèõ äîáóòêiâ äîðiâíþ¹ íóëþ.

Òàêèì ÷èíîì, íåçâàæàþ÷è íà òå, ùî ïèòàííÿ ïðî çíà÷åííÿ âè-

ðàçiâ δm⃗i
∂m⃗i

∂x

∣∣
z=0

çàëèøà¹òüñÿ âiäêðèòèì, åôåêòèâíî ìîæíà ïîêëàñòè

δm⃗i
∂m⃗i

∂x

∣∣
z=0

= 0 , çâàæàþ÷è íà âèãëÿä ëiíiéíèõ êîìáiíàöié, â ÿêi öi âèðàçè

âõîäÿòü (i ÿêi äîðiâíþþòü íóëþ çãiäíî çàçíà÷åíèõ âèùå ãðàíè÷íèõ óìîâ). Öi

ìiðêóâàííÿ äàþòü ìîæëèâiñòü çàìiíèòè

= 2

∫ (
∂m⃗i

∂x

∂ (δm⃗i)

∂x
+

∂m⃗i

∂y

∂ (δm⃗i)

∂y
+

∂m⃗i

∂z

∂ (δm⃗i)

∂z

)
dx dy dz →

→ −2

∫
∆m⃗i δm⃗i dV,

êðiì òîãî, âðàõîâóþ÷è äîäàòêîâî ðiâíiñòü (8a), ìîæíà çàìiíèòè åëåìåíò ãó-

ñòèíè åíåðãi¨ 1
2 α

′
i δ
((

∇⃗m⃗i

))2
→ −α′

i∆m⃗i δm⃗i i 1
2α

′
i

δ
δm⃗i

(
∇⃗m⃗i

)2
→ −α′

i∆m⃗i ,

i = 1, 2 .

Àíàëîãi÷íèì ÷èíîì çàïèøåìî

δwi

δl⃗i
= 4 (M0i)

2 δ

δl⃗i

(
1

2
(δ (m⃗i))

2 +
1

2
αi

(
∇⃗li

)2
+

1

2
α′
i

(
∇⃗mi

)2
+

1

2
β1il

2
iz+

+
1

2
β2im

2
iz + d⃗i

[
m⃗i × l⃗i

]
− m⃗ih⃗0i

)
=

= 4 (M0i)
2

(
αi∇⃗l⃗i

δ∇⃗l⃗i

δl⃗i
+

1

2
β1i

δl2iz

δl⃗i
+

δ

δl⃗i
d⃗i

[
m⃗i × l⃗i

])
,

òà çàóâàæèìî, ùî

δ (liz)
2

δl⃗i
= 2liz e⃗z,

δ

δl⃗i

(
d⃗i

[
m⃗i × l⃗i

])
=
[
d⃗i × m⃗i

]
,
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ïðè öüîìó, àíàëîãi÷íî äî ïåðåòâîðåííÿ 1
2α

′
i

δ
δm⃗i

(
∇⃗m⃗i

)2
→ −α′

i∆m⃗i , ìà¹ìî:

1
2αi

δ

δl⃗i

(
∇⃗l⃗i

)2
→ −αi∆l⃗i .

Âàðiàöiéíi ïîõiäíi âiä ãóñòèíè åíåðãi¨ wS íàáóäóòü âèãëÿäó

δwS

δm⃗1
= δ(z)M01M02

δ

δm⃗1

(
amm m⃗1m⃗2 + aml m⃗1l⃗2 + alm l⃗1m⃗2 + all l⃗1l⃗2

)
=

= δ(z)M01M02

(
amm m⃗2 + aml l⃗2

)
,

δwS

δm⃗2
= δ(z)M01M02

δ

δm⃗2

(
amm m⃗1m⃗2 + aml m⃗1l⃗2 + alm l⃗1m⃗2 + all l⃗1l⃗2

)
=

= δ(z)M01M02

(
amm m⃗1 + alm l⃗1

)
,

δwS

δl⃗1
= δ(z)M01M02

δ

δl⃗1

(
amm m⃗1m⃗2 + aml m⃗1l⃗2 + alm l⃗1m⃗2 + all l⃗1l⃗2

)
=

= δ(z)M01M02

(
alm m⃗2 + all l⃗2

)
,

δwS

δl⃗2
= δ(z)M01M02

δ

δl⃗2

(
amm m⃗1m⃗2 + aml m⃗1l⃗2 + alm l⃗1m⃗2 + all l⃗1l⃗2

)
=

= δ(z)M01M02

(
aml m⃗1 + all l⃗1

)
.

Òàêèì ÷èíîì, áåçðîçìiðíå ëîêàëüíå ïîëå (1.13) äëÿ êîæíîãî àíèôåðî-

ìàãíåòèêà çàïèøåòüñÿ, âiäïîâiäíî, ó âèãëÿäi

h⃗ef
m1 = − 1

(M01)
2

(
δw1

δm⃗1
+

δwS

δm⃗1

)
=

= −
(
4
(
δ1m⃗1 − α′

1∆m⃗1 + β21e⃗zm1z +
[⃗
l1 × d⃗1

]
− h⃗01

)
+

+ δ(z)
M02

M01

(
amm m⃗2 + aml l⃗2

))
,

h⃗ef
m2 = − 1

(M02)
2

(
δw2

δm⃗2
+

δwS

δm⃗2

)
=

= −
(
4
(
δ2m⃗2 − α′

2∆m⃗2 + β22e⃗zm2z +
[⃗
l2 × d⃗2

]
− h⃗02

)
+

+ δ(z)
M01

M02

(
amm m⃗1 + alm l⃗1

))
,

h⃗ef
l1 = − 1

(M01)
2

(
δw1

δl⃗1
+

δwS

δl⃗1

)
=
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= −
(
4
(
−α1∆l⃗1 + β11e⃗zl1z +

[
d⃗1 × m⃗1

])
+

+ δ(z)
M02

M01

(
alm m⃗2 + all l⃗2

))
,

h⃗ef
l2 = − 1

(M02)
2

(
δw1

δl⃗2
+

δwS

δl⃗2

)
=

= −
(
4
(
−α2∆l⃗2 + β12e⃗z l2z +

[
d⃗2 × m⃗2

])
+ δ(z)

M01

M02

(
aml m⃗1 + all l⃗1

))
.

Ïiäñòàâëÿþ÷è îòðèìàíi âèðàçè äëÿ åôåêòèâíèõ ïîëiâ ó ðiâíÿííÿ (ñèñòå-

ìó ðiâíÿíü) Ëàíäàó�Ëiôøèöÿ (1.14), îñòàòî÷íî îòðèìó¹ìî (âiäïîâiäíî ïîñëi-

äîâíî ïðè i = 1 òà i = 2 ):

2
γM01

∂m⃗1

∂t =

[
4
(
δ1m⃗1 − α′

1∆m⃗1 + β21e⃗zm1z +
[⃗
l1 × d⃗1

]
− h⃗01

)
+

+δ(z) M02

M01

(
amm m⃗2 + aml l⃗2

))
× m⃗1

]
+

+

[(
4
(
−α1∆l⃗1 + β11e⃗zl1z +

[
d⃗1 × m⃗1

])
+ δ(z) M02

M01

(
alm m⃗2 + all l⃗2

))
× l⃗1

]
,

2
γM01

∂l⃗1
∂t =

[(
4
(
δ1m⃗1 − α′

1∆m⃗1 + β21e⃗zm1z +
[⃗
l1 × d⃗1

]
− h⃗01

)
+

+δ(z) M02

M01

(
amm m⃗2 + aml l⃗2

))
× l⃗1

]
+

+

[(
4
(
−α1∆l⃗1 + β11e⃗zl1z +

[
d⃗1 × m⃗1

])
+ δ(z) M02

M01

(
alm m⃗2 + all l⃗2

))
× m⃗1

]
,

2
γM02

∂m⃗2

∂t =

[(
4
(
δ2m⃗2 − α′

2∆m⃗2 + β22e⃗zm2z +
[⃗
l2 × d⃗2

]
− h⃗02

)
+

+δ(z) M01

M02

(
amm m⃗1 + alm l⃗1

))
× m⃗2+

+

[(
4
(
−α2∆l⃗2 + β12e⃗zl2z +

[
d⃗2 × m⃗2

])
+ δ(z) M01

M02

(
aml m⃗1 + all l⃗1

))
× l⃗2

]
,

2
γM02

∂l⃗2
∂t =

[(
4
(
δ2m⃗2 − α′

2∆m⃗2 + β22e⃗zm2z +
[⃗
l2 × d⃗2

]
− h⃗02

)
+

+δ(z) M01

M02

(
amm m⃗1 + alm l⃗1

))
× l⃗2

]
+

+

[(
4
(
−α2∆l⃗2 + β12e⃗zl2z +

[
d⃗2 × m⃗2

])
+ δ(z) M01

M02

(
aml m⃗1 + all l⃗1

))
× m⃗2

]
,

äàëi, âðàõîâóþ÷è ñïiââiäíîøåííÿ [m⃗i, m⃗i] = 0 , i = 1, 2 , ïåðåïèñó¹ìî äàíi
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ñèñòåìè ó âèãëÿäi

2
γM01

∂m⃗1

∂t =

[(
4
(
−α′

1∆m⃗1 + β21e⃗zm1z +
[⃗
l1 × d⃗1

]
− h⃗01

)
+

+δ(z) M02

M01

(
amm m⃗2 + aml l⃗2

))
× m⃗1

]
+

+

[(
4
(
−α1∆l⃗1 + β11e⃗zl1z +

[
d⃗1 × m⃗1

])
+ δ(z) M02

M01

(
alm m⃗2 + all l⃗2

))
× l⃗1

]
,

2
γM01

∂l⃗1
∂t =

[(
4
(
δ1m⃗1 − α′

1∆m⃗1 + β21e⃗zm1z +
[⃗
l1 × d⃗1

]
− h⃗01

)
+

+δ(z) M02

M01

(
amm m⃗2 + aml l⃗2

))
× l⃗1

]
+

+

[(
4
(
−α1∆l⃗1 + β11e⃗zl1z +

[
d⃗1 × m⃗1

])
+ δ(z) M02

M01

(
alm m⃗2 + all l⃗2

))
× m⃗1

]
,

(1.16)

2
γM02

∂m⃗2

∂t =

[(
4
(
−α′

2∆m⃗2 + β22e⃗zm2z +
[⃗
l2 × d⃗2

]
− h⃗02

)
+

+δ(z) M01

M02

(
amm m⃗1 + alm l⃗1

))
× m⃗2

]
+

+

[(
4
(
−α2∆l⃗2 + β12e⃗zl2z +

[
d⃗2 × m⃗2

])
+ δ(z) M01

M02

(
aml m⃗1 + all l⃗1

))
× l⃗2

]
,

2
γM02

∂l⃗2
∂t =

[(
4
(
δ2m⃗2 − α′

2∆m⃗2 + β22e⃗zm2z +
[⃗
l2 × d⃗2

]
− h⃗02

)
+

+δ(z) M01

M02

(
amm m⃗1 + alm l⃗1

))
× l⃗2

]
+

+

[(
4
(
−α2∆l⃗2 + β12e⃗zl2z +

[
d⃗2 × m⃗2

])
+ δ(z) M01

M02

(
aml m⃗1 + all l⃗1

))
× m⃗2

]
,

(1.17)

1.4.2 Cèñòåìà ðiâíÿíü Ëàíäàó�Ëiôøèöÿ äëÿ àíòèôåðîìàãíå-

òèêiâ çà óìîâè äîâãîõâèëüîâîãî íàáëèæåííÿ

Çàñòîñó¹ìî äîâãîõâèëüîâå íàáëèæåííÿ, ââàæàþ÷è, ùî õàðàêòåðíèé ëi-

íiéíèé ðîçìið íåîäíîðiäíîñòi ïîëÿ íàìàãíi÷åíîñòi íàáàãàòî áiëüøèé çà ìiæ-

àòîìíó âiäñòàíü. Òîäi ó ñèñòåìàõ ðiâíÿíü Ëàíäàó�Ëiôøèöÿ (1.16), (1.17) ìî-

æíà çíåõòóâàòè äîäàíêè, ùî ìiñòÿòü ïðîñòîðîâi ïîõiäíi íàìàãíi÷åíîñòi òà

âåêòîðó àíòèôåðîìàãíåòèçìó (ó ïåðøîìó ðiâíÿííi � òiëüêè ïðîñòîðîâi ïî-

õiäíi íàìàãíi÷åíîñòi, îñêiëüêè ó âèêîðèñòàíié ìîäåëi
∣∣M (i)

∣∣≪ ∣∣L(i)
∣∣ i, îòæå,

|m⃗i| ≪
∣∣∣⃗li∣∣∣ , i = 1, 2 ) à òàêîæ ìîæíà çíåõòóâàòè äîäàíêè, ùî âðàõîâóþòü
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ìàãíiòíó àíiçîòðîïiþ, ïîðiâíÿíî ç âiäïîâiäíèìè äîäàíêàìè, ùî âðàõîâóþòü

îäíîðiäíi îáìiííi åôåêòè (îñêiëüêè äëÿ òèïîâèõ ÀÔÌ ìàþòü ìiñöå îöiíêè:

β2i ≪ δi , β1i ≪ δi , i = 1, 2 ). Çà òàêîãî íàáëèæåííÿ îäåðæàíi âèùå ñèñòåìè

ðiâíÿíü Ëàíäàó�Ëiôøèöÿ ñïðîñòÿòüñÿ, çîêðåìà, ñèñòåìà (1.16) íàáóäå âèãëÿ-

äó:

2
γM01

∂m⃗1

∂t =

[(
4
(
β21e⃗zm1z +

[⃗
l1 × d⃗1

]
− h⃗01

)
+

+δ(z) M02

M01

(
amm m⃗2 + aml l⃗2

))
× m⃗1

]
+

+

[(
4
(
−α1∆l⃗1 + β11e⃗zl1z +

[
d⃗1 × m⃗1

])
+ δ(z) M02

M01

(
alm m⃗2 + all l⃗2

))
× l⃗1

]
,

2
γM01

∂l⃗1
∂t =

[(
4
(
δ1m⃗1 +

[⃗
l1 × d⃗1

]
− h⃗01

)
+ δ(z) M02

M01

(
amm m⃗2 + aml l⃗2

))
× l⃗1

]
+

+

[(
4
[
d⃗1 × m⃗1

]
+ δ(z) M02

M01

(
alm m⃗2 + all l⃗2

))
× m⃗1

]
;

(1.18)

à ñèñòåìà (1.17) ïåðåòâîðèòüñÿ íà

2
γM02

∂m⃗2

∂t =

[(
4
(
β22e⃗zm2z +

[⃗
l2 × d⃗2

]
− h⃗02

)
+

+ δ(z) M01

M02

(
amm m⃗1 + alm l⃗1

))
× m⃗2

]
+

+

[(
4
(
−α2∆l⃗2 + β12e⃗zl2z +

[
d⃗2 × m⃗2

])
+ δ(z) M01

M02

(
aml m⃗1 + all l⃗1

))
× l⃗2

]
,

2
γM02

∂l⃗2
∂t =

[(
4
(
δ2m⃗2 +

[⃗
l2 × d⃗2

]
− h⃗02

)
+ δ(z) M01

M02

(
amm m⃗1 + alm l⃗1

))
× l⃗2

]
+

+

[(
4
[
d⃗2 × m⃗2

]
+ δ(z) M01

M02

(
aml m⃗1 + all l⃗1

))
× m⃗2

]
.

(1.19)

1.4.3 Ãðàíè÷íi óìîâè äëÿ âåêòîðó àíòèôåðîìàãíåòèçìó

Iíòåãðó¹ìî ïåðøå ðiâíÿííÿ ñèñòåìè (1.18) óçäîâæ òîíêîãî øàðó íàâêî-

ëî iíòåðôåéñó, äàëi, ñïðÿìîâóþ÷è òîâùèíó iíòåðôåéñó äî íóëÿ, îäåðæó¹ìî
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ðiâíiñòü: [
M02

M01

(
amm m⃗2 + aml l⃗2

)
× m⃗1

]
+

+

[(
4α1

∂l⃗1
∂z

+
M02

M01

(
alm m⃗2 + all l⃗2

))
× l⃗1

]
= 0.

(1.20)

Çàóâàæèìî, ùî ç öüîãî ðiâíÿííÿ (1.20) íàäàëi áóäåìî îòðèìóâàòè ãðàíè÷íi

óìîâè äëÿ âåêòîðà àíòèôåðîìàãíåòèçìó. Ç ìåòîþ çíàõîäæåííÿ âèðàçó äëÿ

íàìàãíi÷åíîñòi, ìíîæèìî äðóãå ðiâíÿííÿ ñèñòåìè ðiâíÿíü (1.18) ëiâîðó÷ âå-

êòîðíî íà l⃗1 , îäåðæó¹ìî :

2

γM01

[
l⃗1 ×

∂l⃗1
∂t

]
= 4δ1

[⃗
l1 ×

[
m⃗1 × l⃗1

]]
+

+4
[⃗
l1 ×

[[⃗
l1 × d⃗1

]
× l⃗1

]]
− 4

[⃗
l1 ×

[
h01 × l⃗1

]]
+

+δ(z)
M02

M01
amm

[⃗
l1 ×

[
m⃗2 × l⃗1

]]
+ δ(z)

M02

M01
aml

[⃗
l1 ×

[⃗
l2 × l⃗1

]]
+

+4
[⃗
l1 ×

[[
d⃗1 × m⃗1

]
× m⃗1

]]
+

+δ(z)
M02

M01
alm

[⃗
l1 × [m⃗2 × m⃗1]

]
+ δ(z)

M02

M01
all

[⃗
l1 ×

[⃗
l2 × m⃗1

]]
.

Çâiäñè ïîñëiäîâíî îäåðæó¹ìî ðiâíîñòi

2

γM01

[
l⃗1 ×

∂l⃗1
∂t

]
= 4δ1m⃗1 + 4

[⃗
l1 × d⃗1

]
− 4h⃗01+

+4l⃗1

(
l⃗1h⃗01

)
+ 4

[[
d⃗1 × m⃗1

]
× m⃗1

]
+

+δ(z)

([⃗
l1 ×

(
M02

M01
amm

[
m⃗2 × l⃗1

])]
+

M02

M01
aml

[⃗
l2 × l⃗1

]
+

+
M02

M01
alm [m⃗2 × m⃗1] +

M02

M01
all

[⃗
l2 × m⃗1

]))
,
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m⃗1 =
1

2γM01δ1

[
l⃗1 ×

∂l⃗1
∂t

]
+

1

δ1

[
d⃗1 × l⃗1

]
+

h⃗01

δ1
−

l⃗1

(
l⃗1h⃗01

)
δ1

−

−δ(z)

([⃗
l1 ×

(
1

4δ1

M02

M01
amm

[
m⃗2 × l⃗1

])]
+

1

4δ1

M02

M01
aml

[⃗
l2 × l⃗1

]
+

+
1

4δ1

M02

M01
alm [m⃗2 × m⃗1] +

1

4δ1

M02

M01
all

[⃗
l2 × m⃗1

]))
.

(1.21)

Çãiäíî ìåòîäîëîãi¨ âèâåäåííÿ ãðàíè÷íèõ óìîâ [23] äëÿ ðiâíÿííÿ Ëàíäàó�

Ëiôøèöÿ çàçíà÷èìî, ùî ïîáëèçó iíòåðôåéñó ïîâèíåí óòâîðþâàòèñÿ ïîãðàíè-

÷íèé øàð, â ÿêîìó íå ìîæíà íåõòóâàòè äèñèïàòèâíèìè ïðîöåñàìè, ÿêi ïîðó-

øóþòü çàêîí çáåðåæåííÿ êâàäðàòà âåêòîðà ïàðàìåòðó ïîðÿäêó. Òîâùèíà öüî-

ãî ïîãðàíè÷íîãî øàðó δ ≈
√
ω , äå ω �� ÷àñòîòà çìiíè ìàãíiòíîãî ïàðàìåòðó

ïîðÿäêó. Â ïîãðàíè÷íîìó øàði âiäáóâà¹òüñÿ ñòðiìêà çìiíà ïðîåêöi¨ åôåêòèâ-

íîãî ïîëÿ íà íàïðÿìîê íîðìàëi äî iíòåðôåéñó, òàê, ùî ïîáëèçó ïîâåðõíi, àëå

ïîçà ìåæàìè ïîãðàíè÷íîãî øàðó, ãðàíè÷íi óìîâè âæå íå âèêîíóþòüñÿ. Òîìó

íàìàãíi÷åíiñòü â ñóöiëüíîìó ìàòåðiàëi ïîçà ìåæàìè ïîãðàíè÷íîãî øàðó âè-

çíà÷à¹òüñÿ ïîïåðåäíiì âèðàçîì ç äîäàíêàìè, ÿêi íå ìiñòÿòü äåëüòà�ôóíêöiþ.

Iíøèìè ñëîâàìè, ïåðøà ÷àñòèíà ïîïåðåäíüîãî âèðàçó áåç äåëüòà ôóíêöi¨ ��

öå âèðàç äëÿ íàìàãíi÷åíîñòi â ñiãìà ìîäåëi ïîçà ìåæàìè iíòåðôåéñó.

Òîìó, çà óìîâè äîâãîõâèëüîâîãî íàáëèæåííÿ i ñiãìà�ìîäåëi, îäåðæó¹-

ìî âèðàç äëÿ âåêòîðó íàìàãíi÷åíîñòi äëÿ ïåðøîãî àíòèôåðîìàãíåòèêà ïîçà

ìåæàìè iíòåðôåéñó

m⃗1 =
1

2γM01δ1

[
l⃗1 ×

∂l⃗1
∂t

]
+

1

δ1

[
d⃗1 × l⃗1

]
+

h⃗01

δ1
−

l⃗1

(
l⃗1h⃗01

)
δ1

.

Çàìiíþþ÷è iíäåêñè 1 íà 2 i 2 íà 1, îòðèìó¹ìî àíàëîãi÷íèé âèðàç äëÿ

íàìàãíi÷åíîñòi äðóãîãî ÀÔÌ ó ñóöiëüíîìó ÀÔÌ ïîçà ìåæàìè iíòåðôåéñó, à

ñàìå:

m⃗2 =
1

2γM02 δ2

[
l⃗2 ×

∂l⃗2
∂t

]
+

1

δ2

[
d⃗2 × l⃗2

]
+

h⃗02

δ2
−

l⃗2

(
l⃗2 h⃗02

)
δ1

.

Îòðèìàòè íàìàãíi÷åíiñòü â ñiãìà ìîäåëi âñåðåäèíi ïîãðàíè÷íîãî øàðó

ìîæíà, ïðîiíòåãðóâàâøè ðiâíiñòü (1.21) äëÿ íàìàãíi÷åíîñòi çà òîâùèíîþ ií-

òåðôåéñó i ñïðÿìóâàâøè òîâùèíó iíòåðôåéñó äî íóëÿ. Ïðîòå, òàê ÿê âèõiäíå
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äðóãå ðiâíÿííÿ ñèñòåìè ìè ìíîæèëè âåêòîðíî íà l⃗1 , òî âèðàç äëÿ íàìàãíi-

÷åíîñòi ìiñòèòèìå áóäü-ÿêèé âåêòîð, ïàðàëåëüíèé l⃗1 . Òîìó, ùîá îòðèìàòè

íàìàãíi÷åíiñòü â ñiãìà ìîäåëi âñåðåäèíi ïîãðàíè÷íîãî øàðó, ïðîiíòåãðó¹ìî

áåçïîñåðåäíüî äðóãå ðiâíÿííÿ ñèñòåìè çà òîâùèíîþ iíòåðôåéñó i ñïðÿìó¹ìî

òîâùèíó iíòåðôåéñó äî íóëÿ. Îäåðæó¹ìî ðiâíiñòü

amm

[
m⃗2 × l⃗1

]
+ aml

[⃗
l2 × l⃗1

]
+ all

[⃗
l2 × m⃗1

]
= 0.

Çàìiíþþ÷è iíäåêñè 1 íà 2 i 2 íà 1, à òàêîæ alm íà aml , îòðèìó¹ìî àíà-

ëîãi÷íå ðiâíÿííÿ äëÿ íàìàãíi÷åíîñòi äðóãîãî ÀÔÌ ó ïðîøàðêó iíòåðôåéñó:

amm

[
m⃗1 × l⃗2

]
+ alm

[⃗
l1 × l⃗2

]
+ all

[⃗
l1 × m⃗2

]
= 0.

Äâà îñòàííiõ ðiâíÿííÿ
amm

[
m⃗2 × l⃗1

]
+ aml

[⃗
l2 × l⃗1

]
+ all

[⃗
l2 × m⃗1

]
= 0,

amm

[
m⃗1 × l⃗2

]
+ alm

[⃗
l1 × l⃗2

]
+ all

[⃗
l1 × m⃗2

]
= 0

íå äàþòü çìîãó âèçíà÷èòè ãðàíè÷íi óìîâè äëÿ âåêòîðà àíòèôåðîìàãíåòèçìó,

ïðîòå, âèçíà÷àþòü ñèñòåìó ðiâíÿíü äëÿ âåêòîðà íàìàãíi÷åíîñòi âñåðåäèíi ií-

òåðôåéñó ÷åðåç âåêòîð àíòèôåðîìàãíåòèçìó â ïîãðàíè÷íîìó øàði âñåðåäèíi

iíòåðôåéñó. Ðîçâ'ÿæåìî öþ ñèñòåìó ðiâíÿíü. Äëÿ çðó÷íîñòi ïîçíà÷èìî
a⃗ =

[
m⃗2 × l⃗1

]
,

b⃗ =
[
m⃗1 × l⃗2

]
,

ïiñëÿ ÷îãî, ïîïåðåäíÿ ñèñòåìà íàáóâà¹ âèãëÿäó
amm a⃗+ aml

[⃗
l2 × l⃗1

]
+ all b⃗ = 0,

ammb⃗+ alm

[⃗
l1 × l⃗2

]
+ all a⃗ = 0,

äàëi, îäåðæó¹ìî ç íå¨ âèðàçè äëÿ a⃗ i b⃗ :

a⃗ =
[
m⃗2 × l⃗1

]
=

(alm all − aml amm)

a2mm − a2ll

[⃗
l2 × l⃗1

]
,

b⃗ =
[
m⃗1 × l⃗2

]
=

(alm amm − aml all)

a2mm − a2ll

[⃗
l2 × l⃗1

]
.
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Çäiéñíèìî ïåðåòâîðåííÿ ïåðøîãî ç ðiâíÿíü ïîïåðåäíüî¨ ñèñòåìè, ïiñëÿ

ïîïåðåäíüîãî éîãî iíòåãðóâàííÿ ïî òîíêîìó øàðó â îêîëi iíòåðôåéñó (1.20),

ïîñëiäîâíî îäåðæó¹ìî[(
M02

M01

(
amm m⃗2 + aml l⃗2

))
× m⃗1

]
+

+

[(
4α1

∂l⃗1
∂z

+
M02

M01

(
alm m⃗2 + all l⃗1

))
× l⃗1

]
= 0,

M02

M01
amm [m⃗2 × m⃗1] +

M02

M01
aml

[⃗
l2 × m⃗1

]
+ 4α1

[
∂l⃗1
∂z

× l⃗1

]
+

+
M02

M01
alm

[
m⃗2 × l⃗1

]
+

M02

M01
all

[⃗
l2 × l⃗1

]
= 0,

äàëi, âðàõîâóþ÷è ìàëiñòü íàìàãíi÷åíîñòi, âiäêèäà¹ìî ïåðøèé äîäàíîê, ìà¹ìî

M02

M01
aml

[⃗
l2 × m⃗1

]
+4α1

[
∂l⃗1
∂z

× l⃗1

]
+

M02

M01
alm

[
m⃗2 × l⃗1

]
+

M02

M01
all

[⃗
l2 × l⃗1

]
= 0,

ïiñëÿ öüîãî, âðàõîâóþ÷è âèðàçè äëÿ a⃗ =
[
m⃗2 × l⃗1

]
, b⃗ =

[
m⃗1 × l⃗2

]
â ëiíiéíèõ

âiäíîñíî íàìàãíi÷åíîñòi äîäàíêàõ, îòðèìó¹ìî îñòàòî÷íi ãðàíè÷íi óìîâè:

4α1

[
∂l⃗1
∂z

× l⃗1

]
+

+
M02

M01

(
all + alm

(alm all − aml amm)

a2mm − a2ll
− aml

(alm amm − aml all)

a2mm − a2ll

) [⃗
l2 × l⃗1

]
= 0.

Ïîçíà÷èìî

a12 = all + alm
(alm all − aml amm)

a2mm − a2ll
− aml

(alm amm − aml all)

a2mm − a2ll
.

Òîäi ïîïåðåäíÿ ãðàíè÷íà óìîâà íàáóâà¹ âèãëÿäó:

4α1

[
∂l⃗1
∂z

× l⃗1

]
+

M02

M01
a12

[⃗
l2 × l⃗1

]
= 0.

Çàìiíþþ÷è iíäåêñè 1 íà 2 i 2 íà 1, à òàêîæ alm íà aml , çìiíþþ÷è íàïðÿ-

ìîê äèôåðåíöiþâàííÿ (∂l⃗1/∂z → −∂l⃗1/∂z ), îòðèìó¹ìî àíàëîãi÷íó ãðàíè÷íó

óìîâó:

4α2

[
∂l⃗2
∂z

× l⃗1

]
+

M01

M02
a21

[⃗
l2 × l⃗1

]
= 0,
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äå

a21 = all + aml
(aml all − alm amm)

a2mm − a2ll
− alm

(aml amm − alm all)

a2mm − a2ll
.

Ñèñòåìà ãðàíè÷íèõ óìîâ
4α1

[
∂l⃗1
∂z × l⃗1

]
+ M02

M01
a12

[⃗
l2 × l⃗1

]
= 0,

4α2

[
∂l⃗2
∂z × l⃗1

]
+ M01

M02
a21

[⃗
l2 × l⃗1

]
= 0,

íå ìiñòèòü íàäëèøêîâèõ ðiâíÿíü i ¹ ñóìiñíîþ ç ðiâíÿííÿìè äëÿ âåêòîðó àí-

òèôåðîìàãíåòèçìó â ñiãìà ìîäåëi.

Çàóâàæèìî, ùî äàíi ãðàíè÷íi óìîâè ñïðàâåäëèâi, ÿêùî íàìàãíi÷åíiñòü ¹

ìàëîþ. Âèìîãà ìàëîñòi íàìàãíi÷åíîñòi íàêëàäà¹ îáìåæåííÿ íà êîåôiöi¹íòè,

à ñàìå: 
∣∣∣alm all−aml amm

a2mm−a2ll

∣∣∣≪ 1,∣∣∣alm amm−aml all
a2mm−a2ll

∣∣∣≪ 1,

ïðè âèêîíàííi ÿêèõ, ãðàíè÷íi óìîâè ¹ çàñòîñîâíèìè.

Çàóâàæóþ÷è, ùî â äðóãèõ ðiâíÿííÿõ ñèñòåì (1.18) òà (1.19) ìîæíà çíå-

õòóâàòè äîäàíêàìè
[[
d⃗i × m⃗i

]
× m⃗i

]
ïîðiâíÿíî ç

[[⃗
li × d⃗i

]
× l⃗i

]
, i = 1, 2 ,

(öÿ ìîæëèâiñòü âèïëèâà¹ ç óìîâ |m⃗i| ≪
∣∣∣⃗li∣∣∣ , i = 1, 2 ), àíàëîãi÷íî ó ïåð-

øèõ � [4β2i e⃗zmiz × m⃗i] ïîðiâíÿíî ç
[
4β1i e⃗zliz × l⃗i

]
, i = 1, 2 , (ââàæàþ÷è, ùî

êîíñòàíòè β2i òà β1i ¹ îäíîãî ïîðÿäêó ìàëîñòi ïðè i = 1, 2 ).

Îòæå, ñèñòåìè ðiâíÿíü Ëàíäàó�Ëiôøèöÿ â ðàìêàõ âèêîðèñòàíî¨ ìîäåëi

îñòàòî÷íî ñïðîùóþòüñÿ äî íàñòóïíîãî âèãëÿäó:

2
γM01

∂m⃗1

∂t =

[(
4
([⃗

l1 × d⃗1

]
− h⃗01

)
+ δ(z) M02

M01

(
amm m⃗2 + aml l⃗2

))
× m⃗1

]
+

+

[(
4
(
−α1∆l⃗1 + β11e⃗zl1z +

[
d⃗1 × m⃗1

])
+ δ(z) M02

M01

(
alm m⃗2 + all l⃗2

))
× l⃗1

]
,

2
γM01

∂l⃗1
∂t =

[(
4
(
δ1m⃗1 +

[⃗
l1 × d⃗1

]
− h⃗01

)
+

+δ(z) M02

M01

(
amm m⃗2 + aml l⃗2

))
× l⃗1

]
+

+

[(
4
[
d⃗1 × m⃗1

]
+ δ(z) M02

M01

(
alm m⃗2 + all l⃗2

))
× m⃗1

]
;

(1.22)
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2
γM02

∂m⃗2

∂t =

[(
4
([⃗

l2 × d⃗2

]
− h⃗02

)
+ δ(z) M01

M02

(
amm m⃗1 + alm l⃗1

))
× m⃗2

]
+

+

[(
4
(
−α2∆l⃗2 + β12e⃗zl2z +

[
d⃗2 × m⃗2

])
+

+ δ(z) M01

M02

(
aml m⃗1 + all l⃗1

))
× l⃗2

]
,

2
γM02

∂l⃗2
∂t =

[(
4

(
δ2m⃗2 +

[⃗
l2 × d⃗2

]
− h⃗02

)
+

+ δ(z) M01

M02

(
amm m⃗1 + alm l⃗1

))
× l⃗2

]
+

+

[(
4
[
d⃗2 × m⃗2

]
+ δ(z) M01

M02

(
aml m⃗1 + all l⃗1

))
× m⃗2

]
.

(1.23)

Äëÿ îòðèìàííÿ ãðàíè÷íèõ óìîâ äëÿ âåêòîðiâ m⃗i , l⃗i , i = 1, 2 , ïðîií-

òåãðó¹ìî îòðèìàíi ñèñòåìè ðiâíÿíü (1.22), (1.23) óçäîâæ îáëàñòi iíòåðôåéñó

z ∈ [−δ0/2, δ0/2] , cïðÿìîâóþ÷è òîâùèíó δ0 îñòàííüîãî äî íóëÿ: δ0 → 0 .

Çàóâàæèìî, ùî ïðè òàêîìó ãðàíè÷íîìó ïåðåõîäi iíòåãðàë âiä âñiõ äîäàíêiâ,

ùî ìàþòü îáìåæåíi çíà÷åííÿ (íå ìiñòÿòü äåëüòà-ôóíêöiþ) ïðÿìóâàòèìå äî

íóëÿ. Òàêèì ÷èíîì, ïðè iíòåãðóâàííi äîñòàòíüî ëèøèòè äîäàíêè, ùî ìiñòÿòü

äåëüòà-ôóíêöiþ δ(z) , áåçïîñåðåäíüî, àáî âiäïîâiäíó ïîõiäíó çà çìiííîþ z âiä

m⃗i , l⃗i , i = 1, 2 (ó òàêèõ äîäàíêàõ äåëüòà�ôóíêöiÿ δ(z) ç'ÿâëÿ¹òüñÿ ÷åðåç íà-

ÿâíiñòü ðiçêî¨ çìiíè, íà òîâùèíi iíòåðôåéñó, ÿêà ïåðåõîäèòü ó ñòðèáîê ïðè

δ0 → 0 ).

Òàêèì ÷èíîì, ïðè iíòåãðóâàííi äðóãîãî ðiâíÿííÿ ñèñòåìè (1.22), îòðè-

ìó¹ìî

0 =
M02

M01
lim
δ0→0

∫ δ0/2

−δ0/2

([
δ(z)

(
amm m⃗2 + aml l⃗2

)
× l⃗1

]
+

+
[
δ(z)

(
alm m⃗2 + all l⃗2

)
× m⃗1

])
dz.

Çàóâàæèìî, ùî âñi ìíîæíèêè ó äîäàíêàõ, ùî ìiñòÿòü äåëüòà-ôóíêöiþ

δ(z) , êðiì âëàñíå äåëüòà-ôóíêöi¨, ïiä ÷àñ ïðîâåäåííÿ ãðàíè÷íîãî ïåðåõîäó

δ0 → 0 , ìîæóòü ââàæàòèñü ñòàëèìè. Òàêèì ÷èíîì, ïiñëÿ âèêîðèñòàííÿ òîòî-

æíîñòi ∫ δ0/2

−δ0/2

δ(z) dz = 1,



42

îñòàííÿ ðiâíiñòü íàáóäå âèãëÿäó(
amm

[
m⃗2 × l⃗1

]
+ aml

[⃗
l2 × l⃗1

]
+ alm [m⃗2 × m⃗1] + all

[⃗
l2 × m⃗1

])∣∣∣
z=0

= 0.

(1.24)

Ïðè iíòåãðóâàííi ïåðøîãî ðiâíÿííÿ ñèñòåìè (1.22) êðiì äîäàíêiâ, ùî

ìiñòÿòü δ(z) áåçïîñåðåäíüî, çãiäíî íàâåäåíèì âèùå ìiðêóâàííÿì, ïîòðiáíî

çàëèøèòè òàêîæ äîäàíîê
(
−4α1

[
∆l⃗1 × l⃗1

])
. Çàóâàæèâøè, ùî

lim
δ0→0

∫ δ0

0

[
∆l⃗1 × l⃗1

]
dz = lim

δ0→0

∫ δ0

0

[
∂2l⃗1
∂z2

× l⃗1

]
dz = lim

δ0→0

∫ δ0

0

∂

∂z

[
∂l⃗1
∂z

× l⃗1

]
dz

( âðàõîâàíî ïðè öüîìó, ùî äîäàíêè
[
∂l⃗1
∂x2 × l⃗1

]
òà
[
∂l⃗1
∂y2 × l⃗1

]
íå ìiñòÿòü äåëüòà-

ôóíêöiþ δ(z) òà, âiäïîâiäíî, ìîæóòü áóòè çíåõòóâàíi ïðè çàçíà÷åíîìó ãðà-

íè÷íîìó ïåðåõîäi), äàëi, iíòåãðóþ÷è ÷àñòèíàìè (òîáòî, çäiéñíþþ÷è ìîäèôi-

êàöiþ iíòåãðóâàííÿ ÷àñòèíàìè äëÿ âåêòîðíîãî äîáóòêó, ùî ñïèðà¹òüñÿ íà

ñïiââiäíîøåííÿ d
[
a⃗× b⃗

]
=
[
da⃗× b⃗

]
+
[
a⃗× d⃗b

]
, äå d ≡ ∂/∂z ), îòðèìó¹ìî

lim
δ0→0

∫ δ0

0

[
∂

∂z

(
∂l⃗1
∂z

)
× l⃗1

]
dz = lim

δ0→0

([
∂l⃗1
∂z

× l⃗1

]∣∣∣∣∣
δ0

0

−
∫ δ0

0

[
∂l⃗1
∂z

× ∂l⃗1
∂z

]
dz

)
=

=

[
∂l⃗1
∂z

× l⃗1

]∣∣∣∣∣
z=0

= −

[
l⃗1 ×

∂l⃗1
∂z

]∣∣∣∣∣
z=0

,

îñêiëüêè
[
∂l⃗1
∂z × ∂l⃗1

∂z

]
= 0 . Òàêèì ÷èíîì, iíòåãðóþ÷è ïåðøå ðiâíÿííÿ ñèñòåìè

(1.22) òà ïåðåõîäÿ÷è äî ãðàíèöi δ0 → 0 , îòðèìó¹ìî(
M02

M01
amm [m⃗2 × m⃗1] +

M02

M01
aml

[⃗
l2 × m⃗1

]
+

M02

M01
alm

[
m⃗2 × l⃗1

]
+

+
M02

M01
all

[⃗
l2 × l⃗1

]
+ 4α1

[
l⃗1 ×

∂l⃗1
∂z

])∣∣∣∣∣
z=0

= 0. (1.25)

Ââàæàþ÷è, ùî êîíñòàíòè amm , aml , alm òà all ¹ îäíîãî ïîðÿäêó ìàëîñòi,

çãiäíî ìîäåëüíîìó ïðèïóùåííþ ó ðiâíÿííi (1.24) äîñòàòíüî çàëèøèòè äîäà-

íîê aml

[⃗
l2 × l⃗1

]
, îñêiëüêè âñi iíøi äîäàíêè ¹ âèùèõ ïîðÿäêiâ ìàëîñòi. Àíàëî-

ãi÷íi ìiðêóâàííÿ ìîæíà çàñòîñóâàòè äî ðiâíÿííÿ (1.25) � ç òèì çàóâàæåííÿì,

ùî äîäàíêàìè M02

M01
amm [m⃗2 × m⃗1] ,

M02

M01
aml

[⃗
l2 × m⃗1

]
òà M02

M01
alm

[
m⃗2 × l⃗1

]
ìî-

æíà çíåõòóâàòè ïîðiâíÿíî ç äîäàíêîì M02

M01
all

[⃗
l2 × l⃗1

]
, ïðîòå, ç ìîäåëüíîãî
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ïðèïóùåííÿ íå âèïëèâà¹, ó çàãàëüíîìó âèïàäêó, ïîðÿäîê ìàëîñòi äîäàíêó

4α1

[⃗
l1 × ∂l⃗1

∂z

]
, òîìó íèì çíåõòóâàòè, âçàãàëi êàæó÷è, íå ìîæíà.

Òàêèì ÷èíîì, ñèñòåìó ãðàíè÷íèõ óìîâ (1.24), (1.25) ìîæíà ïåðåïèñàòè

ó âèãëÿäi 
aml

[⃗
l2 × l⃗1

]∣∣∣
z=0

= 0,(
M02

M01
all

[⃗
l2 × l⃗1

]
+ 4α1

[⃗
l1 × ∂l⃗1

∂z

])∣∣∣∣∣
z=0

= 0.
(1.26)

Àíàëîãi÷íèì ÷èíîì, ïåðåõîäèìî âiä àíòèôåðîìàãíåòèêó 1 äî àíòèôåðî-

ìàãíåòèêó 2 � ïðîiíòåãðó¹ìî ñèñòåìó ðiâíÿíü (1.23) òà ïåðåéäåìî äî ãðàíèöi

δ0 → 0 . Ïðè iíòåãðóâàííi äðóãîãî ðiâíÿííÿ ñèñòåìè (1.23) ìíîæíèê íàé-

ìåíøîãî ïîðÿäêó ìàëîñòi ìà¹ âèãëÿä alm

[⃗
l1 × l⃗2

]
, ùî åôåêòèâíî âiäïîâiäà¹

çàìiíi aml → (−alm) ó ïåðøîìó ðiâíÿííi ðåçóëüòóþ÷î¨ ñèñòåìè (1.26). Çà-

óâàæèìî, ùî ïðè iíòåãðóâàííi äðóãîãî ðiâíÿííÿ ñèñòåìè (1.23) âiäáóâà¹òüñÿ

åôåêòèâíà çìiíà çíàêó z → (−z) ïðè âçÿòòi ïîõiäíî¨ (îñêiëüêè ïîõiäíà áå-

ðåòüñÿ çà íàïðÿìêîì çîâíiøíüî¨ íîðìàëi äî ïîâåðõíi iíòåðôåéñó, ÿêà äëÿ

îäíîãî ç àíòèôåðîìàãíåòèêiâ ñïðÿìîâàíà â íàïðÿìêó îñi Oz , äëÿ iíøîãî �

â ïðîòèëåæíîìó íàïðÿìêó). Âiäïîâiäíî, çàìiñòü ðiâíÿíü (1.24), (1.25) äëÿ

àíòèôåðîìàãíåòèêó 2, îòðèìó¹ìî

(
amm

[
m⃗1 × l⃗2

]
+ alm

[⃗
l1 × l⃗2

]
+ aml [m⃗1 × m⃗2] + all

[⃗
l1 × l⃗2

])∣∣∣
z=0

= 0,(
M01

M02
amm [m⃗1 × m⃗2] +

M01

M02
aml

[
m⃗1 × l⃗2

]
+ M01

M02
alm

[⃗
l1 × m⃗2

]
+

+M01

M02
all

[⃗
l1 × l⃗2

]
− 4α2

[⃗
l2 × ∂l⃗2

∂z

])∣∣∣∣∣
z=0

= 0.

àáî ïiñëÿ âðàõóâàííÿ |m⃗i| ≪
∣∣∣⃗li∣∣∣ , i = 1, 2 , ïîïåðåäíÿ ãðàíè÷íà ñèñòåìà

íàáóâà¹ âèãëÿäó
(
all

[⃗
l1 × l⃗2

])∣∣∣
z=0

= 0,(
M01

M02
all

[⃗
l2 × l⃗1

]
+ 4α2

[⃗
l2 × ∂l⃗2

∂z

])∣∣∣∣∣
z=0

= 0.
(1.27)



44

Ïðîàíàëiçó¹ìî ãðàíè÷íi óìîâè (1.26), (1.27):

aml

[⃗
l2 × l⃗1

]∣∣∣
z=0

= 0,(
M02

M01
all

[⃗
l2 × l⃗1

]
+ 4α1

[⃗
l1 × ∂l⃗1

∂z

])∣∣∣∣∣
z=0

= 0,(
all

[⃗
l1 × l⃗2

])∣∣∣
z=0

= 0,(
M01

M02
all

[⃗
l2 × l⃗1

]
+ 4α2

[⃗
l2 × ∂l⃗2

∂z

])∣∣∣∣∣
z=0

= 0.

(1.28)

Ñèñòåìà ãðàíè÷íèõ óìîâ (1.28) ¹ çàãàëîì ñóìiñíîþ ç ñèñòåìîþ ðiâíÿíü

Ëàíäàó�Ëiôøèöÿ â ïåðøîìó òà äðóãîìó àíòèôåðîìàãíåòèêàõ, àëå öÿ ñèñòå-

ìà ãðàíè÷íèõ óìîâ (1.28) ¹ íåñóìiñíîþ ç ðiâíÿííÿì Ëàíäàó�Ëiôøèöÿ â ñiãìà

ìîäåëi:[
l⃗i ×

(
αi∆l⃗i −

4

γ2M 2
0i δi

∂2l⃗i
∂t2

)]
+

4

γ M0i δi

(
h⃗0i⃗li

) ∂l⃗i
∂t

− 2

γ M0i δi

∂h⃗0i

∂t
−

−βiiliz

[⃗
li × e⃗z

]
+

1

δi

(
l⃗id⃗i

) [
d⃗i × l⃗i

]
+

1

δi

[⃗
li ×

[
h⃗0i × d⃗i

]]
−

− 1

δi

[⃗
li × h⃗0i

] (
l⃗ih⃗0i

)
= − 2

γ M0i δi

(
∂h⃗0i

∂t
l⃗i

)
l⃗i, i ∈ {1, 2}.

Â îäåðæàíèõ ðiâíÿííÿõ çàñòîñîâíà çàìiíà γM0i → 4γM0i , òîäi, ìà¹ìî[
l⃗i ×

(
4αi∆l⃗i −

1

γ2M 2
0i δi

∂2l⃗i
∂t2

)]
+

4

γ M0i δi

(
h⃗0i⃗li

) ∂l⃗i
∂t

− 2

γ M0i δi

∂h⃗0i

∂t
−

−4βiiliz

[⃗
li × e⃗z

]
+

4

δi

(
l⃗id⃗i

) [
d⃗i × l⃗i

]
+

4

δi

[⃗
li ×

[
h⃗0i × d⃗i

]]
−

− 4

δi

[⃗
li × h⃗0i

] (
l⃗ih⃗0i

)
= − 2

γ M0i δi

(
∂h⃗0i

∂t
l⃗i

)
l⃗i, i ∈ {1, 2}.

Öå ìîæëèâî òîìó, ùî â ñiãìà ìîäåëi â ðiâíÿííÿõ Ëàíäàó�Ëiôøèöÿ ÿâíî âðà-

õîâàíî, ùî |m⃗| ≪
∣∣∣⃗l∣∣∣ , ùî äîçâîëèëî ç äâîõ âåêòîðíèõ ðiâíÿíü îòðèìàòè îäíå.

Àëå æ öå ïðèçâîäèòü äî íàäëèøêîâî¨ êiëüêîñòi ãðàíè÷íèõ óìîâ (16.1), ùî ïî-

òðåáó¹ ÿâíîãî âðàõóâàííÿ óìîâè ñiãìà ìîäåëi |m⃗| ≪
∣∣∣⃗l∣∣∣ òàêîæ i â ãðàíè÷íèõ

óìîâàõ.
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Òîìó â ïåðøîìó âèïàäêó â ñiãìà ìîäåëi (äèâ. óìîâè ñïðîùåííÿ ó (1.9)

ç âèðàçó (1.6)) ãðàíè÷íi óìîâè (1.28) íàáóâàþòü âèãëÿäó:

(
4α1

[⃗
l1 × ∂l⃗1

∂z

]
+ M02

M01
all

[⃗
l2 × l⃗1

])∣∣∣∣∣
z=0

= 0,(
4α2

[⃗
l2 × ∂l⃗2

∂z

]
+ M01

M02
all

[⃗
l2 × l⃗1

])∣∣∣∣∣
z=0

= 0.

(1.29)

Â äðóãîìó âèïàäêó (äèâ. óìîâè ñïðîùåííÿ äëÿ (1.10) ç âèðàçó (1.6)) i ç (1.28)

ñëiäóþòü ãðàíè÷íi óìîâè:

aml

[⃗
l2 × l⃗1

]∣∣∣
z=0

= 0,(
4α1

[⃗
l1 × ∂l⃗1

∂z

])∣∣∣∣∣
z=0

= 0,(
4α2

[⃗
l2 × ∂l⃗2

∂z

])∣∣∣∣∣
z=0

= 0.

(1.30)

Â öüîìó âèïàäêó ¹ íàäëèøîê êiëüêîñòi ãðàíè÷íèõ óìîâ, i âîíè, ó çàãàëü-

íîìó âèïàäêó, íå ñóìiñíi ç ðiâíÿííÿì Ëàíäàó�Ëiôøèöÿ â ñiãìà-ìîäåëi (äèâ.,

íàïðèêëàä, [23])[
l⃗i ×

(
αi∆l⃗i −

4

γ2M 2
0i δi

∂2l⃗i
∂t2

)]
+

4

γ M0i δi

(
h⃗0i⃗li

) ∂l⃗i
∂t

− 2

γ M0i δi

∂h⃗0i

∂t
−

−βiiliz

[⃗
li × e⃗z

]
+

1

δi

(
l⃗id⃗i

) [
d⃗i × l⃗i

]
+

1

δi

[⃗
li ×

[
h⃗0i × d⃗i

]]
−

− 1

δi

[⃗
li × h⃗0i

] (
l⃗ih⃗0i

)
= 0 (1.31)

Çàóâàæèìî, ùî ïðàâà ÷àñòèíà ó (1.31) äîðiâíþ¹ íóëåâi òîìó, ùî òåïåð i

íàäàëi ó íàøié çàäà÷i ìè áóäåìî ðîçãëÿäàòè âèïàäîê ïîñòiéíîãî ìàãíiòíîãî

ïîëÿ.

Òîìó î÷åâèäíî, ùî äðóãèé âèïàäîê íå ïðèäàòíèé äëÿ êîðåêòíîãî îïèñó â

ðàìêàõ ñiãìà ìîäåëi, i â äðóãîìó âèïàäêó ïîòðiáíî âèêîðèñòîâóâàòè ãðàíè÷íi

óìîâè (1.30) ðàçîì ç çàãàëüíèìè ðiâíÿííÿìè Ëàíäàó�Ëiôøèöÿ äëÿ âåêòîðiâ
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l⃗ i m⃗ , ùî ñëiäóþòü ç (1.22), (1.23):

2
γM01

∂m⃗1

∂t =

[(
4

(
−α′

1∆m⃗1 + β21 e⃗z m1z +
[⃗
l1 × d⃗1

]
− h⃗01

))
× m⃗1

]
+

+

[(
4
(
−α1∆l⃗1 + β11e⃗zl1z +

[
d⃗1 × m⃗1

] ))
× l⃗1

]
,

2
γM01

∂l⃗1
∂t =

[(
4
(
δ1m⃗1 − α′

1∆m⃗1 + β21 e⃗z m1z +
[⃗
l1 × d⃗1

]
− h⃗01

)
+

+δ(z) M02

M01

(
amm m⃗2 + aml l⃗2

))
× l⃗1

]
+

+

[(
4
(
−α1∆l⃗1 + β11 e⃗z l1z +

[
d⃗1 × m⃗1

]))
× m⃗1

]
,

(1.32)

2
γM02

∂m⃗2

∂t =

[(
4

(
−α′

2∆m⃗2 + β22 e⃗z m2z +
[⃗
l2 × d⃗2

]
− h⃗02

))
× m⃗2

]
+

+

[(
4
(
−α2∆l⃗2 + β12e⃗zl2z +

[
d⃗2 × m⃗2

] ))
× l⃗2

]
,

2
γM02

∂l⃗2
∂t =

[(
4
(
δ2 m⃗2 − α′

2∆m⃗2 + β22 e⃗z m2z +
[⃗
l2 × d⃗2

]
− h⃗02

)
+

δ(z) M01

M02

(
amm m⃗1 + aml l⃗1

))
× l⃗2

]
+

+

[(
4
(
−α2∆l⃗2 + β12 e⃗z l2z +

[
d⃗2 × m⃗2

]))
× m⃗2

]
.

(1.33)

Ïî-ïåðøå, çàñòîñó¹ìî äîâãîõâèëüîâå íàáëèæåííÿ. Êîíêðåòíî � áóäåìî

ââàæàòè, ùî äîâæèíà ñïiíîâî¨ õâèëi λSW , ÿêà çáóäæó¹òüñÿ ó äîñëiäæóâàíié

ñèñòåìi, íàáàãàòî ïåðåâèùó¹ îáèäâà ïàðàìåòðè ïàðè àíòèôåðîìàãíåòèêiâ
α1

all
=

α1

A11 − A12 − A21 + A22
,
α2

all
=

α2

A11 − A12 − A21 + A22
,

ùî ìàþòü ðîçìiðíiñòü äîâæèíè (äëÿ òèïîâèõ çíà÷åíü αi ≈ 10−12 ñì−2,

i = 1, 2 ; λSW ∼ 10−6 ñì , çâiäñè ñëiäó¹ îöiíêà all ≫ 10−6 ñì , ùî âiäïîâiäà¹

õàðàêòåðíèì çíà÷åííÿì öüîãî ïàðàìåòðó äëÿ òèïîâèõ ïàð àíòèôåðîìàãíåòè-

êiâ).

Ó òàêîìó âèïàäêó, çàóâàæèìî, ùî ïðè íàÿâíîñòi ñïiíîâî¨ õâèëi ìà¹ ìiñöå

ñðiââiäíîøåííÿ
∣∣∣∂l⃗i∂z

∣∣∣ ∼ |⃗li|
λSM

. À ïðè âèêîíàííi äîäàòêîâî¨ óìîâè M01 ∼ M02 â

ãðàíè÷íèõ óìîâàõ (1.26), (1.27) ìîæíà çíåõòóâàòè äîäàíêàìè, ùî ìiñòÿòü[
l⃗i ×

∂l⃗i
∂z

]
, i = 1, 2,
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îñêiëüêè ∣∣∣all [⃗l1 × l⃗2

]∣∣∣≫ ∣∣∣∣∣4αi

[
l⃗i ×

∂l⃗i
∂z

]∣∣∣∣∣ , i = 1, 2.

Ó òàêîìó âèïàäêó (1.26), (1.27) ïðè a2ll + a2lm+ a2ml ̸= 0 âèðîäæóþòüñÿ â îäíó

óìîâó [⃗
l1 × l⃗2

]∣∣∣
z=0

= 0. (1.34)

Êðiì òîãî, íåçàëåæíî âiä ìîæëèâîñòi çàñòîñóâàííÿ äîâãîõâèëüîãî íàáëèæå-

ííÿ ïðè âèêîíàííi óìîâè αml = αlm = 0 ñèñòåìè ðiâíÿíü (1.26), (1.27) âèðî-

äæóþòüñÿ ó ñèñòåìó äâîõ óìîâ
[⃗
l1

(
4α1

∂l⃗1
∂z − M02

M01
all l⃗2

)]∣∣∣
z=0

= 0,[⃗
l2

(
4α2

∂l⃗2
∂z + M01

M02
all l⃗1

)]∣∣∣
z=0

= 0,
(1.35)

àíàëîãi÷íèõ (ïiñëÿ çàìiíè l⃗i → m⃗i, i = 1, 2 ) äî âiäîìèõ ãðàíè÷íèõ óìîâ íà

iíòåðôåéñi ìiæ äâîìà ôåðîìàãíåòèêàìè (äèâ., íàïðèêëàä, [14]).

Íàðåøòi, ó âèïàäêó, êîëè äîâãîõâèëüîâå íàáëèæåííÿ ¹ íåçàñòîñîâíèì,

òà, êðiì òîãî, αml ̸= αlm , òî ãðàíè÷íi óìîâè (1.26), (1.27) âèêîíóþòüñÿ, çîêðå-

ìà, ïðè l⃗2 = 0 (ùî âiäïîâiäà¹ ïîâíîìó âiäáèâàííþ äîñëiäæóâàíî¨ ñïiíîâî¨

õâèëi âiä iíòåðôåéñó). Ó òàêîìó âèïàäêó, âèêëþ÷àþ÷è ç ñèñòåì ðiâíÿíü (1.26),

(1.27) óñi äîäàíêè, ùî ìiñòÿòü l⃗2 , çíàõîäèìî, ùî öÿ ñèñòåìà âèðîäæó¹òüñÿ â

îäíó óìîâó [
l⃗1 ×

∂l⃗1
∂z

]∣∣∣∣∣
z=0

= 0. (1.36)

Íàÿâíiñòü ìíîæíèêà ÷îòèðè â ïåðøèõ äîäàíêàõ ëiâèõ ÷àñòèí ðiâíÿíü

(1.35) òà âèðàç äëÿ êîíñòàíòè all (ùî âðàõîâó¹ 4-òó êîíñòàíòó îäíîðiäíîãî

îáìiíó ìiæ ïiäãðàòêàìè ÀÔÌ) îáóìîâëþ¹òüñÿ âiäïîâiäíèì âèáîðîì ïîçíà-

÷åíü äëÿ êîíñòàíò â åíåðãi¨ ÀÔÌ.

Ìîæëèâîñòi óçàãàëüíåííÿ ðîçãëÿíóòî¨ ìîäåëi (íàïðèêëàä, çàãàëîì ðiçíi

ãiðîìàãíiòíi âiäíîøåííÿ äâîõ ÀÔÌ) íå âïëèâàþòü íà êiíöåâèé ðåçóëüòàò �

ãðàíè÷íi óìîâè (1.34)�(1.36).



48

Âèñíîâêè äî ðîçäiëó 1

Ó äàíîìó ðîçäiëi äëÿ êîæíîãî ÀÔÌ, ÿêi óòâîðþþòü ìàãíîííèé êðè-

ñòàë, âiäïîâiäíà ñèñòåìà ðiâíÿíü Ëàíäàó�Ëiôøèöÿ çâåäåíà äî åêâiâàëåíòíî¨

ñèñòåìè ðiâíÿíü âiäíîñíî áåçðîçìiðíîãî âåêòîðó íàìàãíi÷åíîñòi òà áåçðîçìið-

íîãî âåêòîðó àíòèôåðîìàãíåòèçìó, çíàéäåíî ãðàíè÷íi óìîâè òà äîñëiäæåíî

¨õ ñóìiñíiñòü (àáî íåñóìiñíiñòü) ç ñèñòåìîþ ðiâíÿíü Ëàíäàó�Ëiôøèöÿ äëÿ êî-

æíîãî ÀÔÌ, çîêðåìà, ó âèïàäêó íàÿâíîñòi (àáî âiäñóòíîñòi) ñiãìà�ìîäåëi,

äîâãîõâèëüîâîãî íàáëèæåííÿ.

Çíàéäåíî ñèñòåìó ãðàíè÷íèõ óìîâ âiäíîñíî âåêòîðiâ àíòèôåðîìàãíåòè-

çìó, äîñëiäæåíî ¨¨ ñóìiñíiñòü ç ñèñòåìîþ ðiâíÿíü Ëàíäàó�Ëiôøèöÿ äëÿ êî-

æíîãî ÀÔÌ, çîêðåìà, äëÿ ñiãìà�ìîäåëi, äëÿ âèïàäêà äîâãîõâèëüîâîãî íàáëè-

æåííÿ.

Ìàòåðiàëè ïåðøîãî ðîçäiëó âèêëàäåíî â ïóáëiêàöiÿõ çäîáóâà÷à [1], [3].
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ÐÎÇÄIË 2

ÐÎÇÂ'ßÇÀÍÍß ÑÈÑÒÅÌÈ ÐIÂÍßÍÜ ËÀÍÄÀÓ�ËIÔØÈÖß Ç

ÂÈÊÎÐÈÑÒÀÍÍßÌ ÃÐÀÍÈ×ÍÈÕ ÓÌÎÂ ÄËß ÂÅÊÒÎÐÀ

ÀÍÒÈÔÅÐÎÌÀÃÍÅÒÈÇÌÓ Â ÌÀÃÍÎÍÍÎÌÓ ÊÐÈÑÒÀËI

Äàíèé ðîçäië ïðèñâÿ÷åíèé çíàõîäæåííþ øâèäêîñòåé íåëiíiéíèõ ñïiíî-

âèõ õâèëü ó ÿâíîìó âèãëÿäi äëÿ êîæíîãî ÀÔÌ, ÿêi âiäïîâiäàþòü ãðàíè÷íèì

óìîâàì âiäíîñíî âåêòîðiâ àíòèôåðîìàãíåòèçìó äëÿ ïåâíîãî êëàñó ðîçâ'ÿçêiâ

ñèñòåìè ðiâíÿíü Ëàíäàó�Ëiôøèöÿ çà óìîâ ñiãìà�ìîäåëi òà äîâãîõâèëüîâîãî

íàáëèæåííÿ.

Ðîçäië ñêëàäà¹òüñÿ ç òðüîõ ïiäðîçäiëiâ.

Ó ïåðøîìó ïiäðîçäiëi çíàéäåíî ãðàíè÷íi óìîâè íà iíòåðôåéñàõ, äîñëi-

äæåíî ¨õ ÷àñòèííi âèïàäêè.

Ó äðóãîìó ïiäðîçäiëi ñèñòåìà ðiâíÿíü Ëàíäàó�Ëiôøèöÿ äëÿ êîæíîãî

ÀÔÌ çà äîïîìîãîþ ïåðåõîäó äî ñôåðè÷íî¨ ñèñòåìè êîîðäèíàò çâîäèòüñÿ äî

íåëiíiéíî¨ ñèñòåìè âiäíîñíî êóòiâ (àçèìóòàëüíîãî òà ïîëÿðíîãî äëÿ âåêòîðiâ

àíòèôåðîìàãíåòèçìó) òà âiäïîâiäíî¨ øâèäêîñòi ñïiíîâî¨ õâèëi. Ïðè öüîìó,

êëàñ ðîçâ'ÿçêiâ âiäïîâiäíèõ íåëiíiéíèõ ñèñòåì äîñëiäæó¹òüñÿ ìåòîäàìè, àíà-

ëîãi÷íèìè òèì, ÿêi çàñòîñîâóâàëèñü ïðè ïîáóäîâi ó ðîáîòi [26] ðîçâ'ÿçêiâ äëÿ

ìîäåëi îäíîîñüîâîãî ôåðîìàãíåòèêà.

Ó òðåòüîìó ïiäðîçäiëi çíàéäåíî ÿâíi ôîðìóëè øâèäêîñòåé ñïiíîâèõ

õâèëü äëÿ ãðàíè÷íèõ óìîâ âiäíîñíî âåêòîðiâ àíòèôåðîìàãíåòèçìó. Ïðè öüî-

ìó, øâèäêîñòi ñïiíîâî¨ õâèëi çíàéäåíî äëÿ òàêèõ âèïàäêiâ â äîñëiäæóâàíî-

ìó ìàãíîííîìó êðèñòàëi: äîêðèòè÷íå ïîøèðåííÿ õâèëi íàìàãíi÷åíîñòi â îáîõ

ÀÔÌ, ïîøèðåííÿ íàäêðèòè÷íî¨ õâèëi íàìàãíi÷åíîñòi â îáîõ ÀÔÌ, ðîçïîâñþ-

äæåííÿ äîêðèòè÷íî¨ õâèëi íàìàãíi÷åíîñòi â îäíîìó ÀÔÌ òà íàäêðèòè÷íî¨

õâèëi íàìàãíi÷åíîñòi â iíøîìó. Äëÿ êîæíîãî âèïàäêó îáðàõîâàíî ïåðiîä òà

÷àñòîòà âiäïîâiäíî¨ ñïiíîâî¨ õâèëi, çíàéäåíî óìîâó çàñòîñîâíîñòi äîâãîõâè-

ëüîâîãî íàáëèæåííÿ, ïðîâåäåíî ÷èñåëüíi åêñïåðèìåíòè.
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2.1 Ãðàíè÷íi óìîâè íà iíòåðôåéñàõ

Ðîçãëÿíåìî ïåðiîäè÷íî ñòðóêòóðîâàíèé àíòèôåðîìàãíåòèê: îäíîâèìið-

íó ïåðiîäè÷íó ñòðóêòóðó, ÿêà ñêëàäà¹òüñÿ ç äâîõ òèïiâ îäíîðiäíèõ ñåêöié-

øàðiâ (ç àíòèôåðîìàãíåòèêó 1 òà ç àíòèôåðîìàãíåòèêó 2), ÿêi ÷åðãóþòüñÿ.

Âñi øàðè ìàþòü îäíàêîâó òîâùèíó L , òîìó ïðîñòîðîâèé ïåðiîä âñi¹¨ ñèñòåìè

äîðiâíþ¹ 2L .

Íåõàé ÿê àíòèôåðîìàãíåòèêè, òàê i ãðàíèöi ìiæ íèìè çàäîâîëüíÿþòü

óìîâàì íàâåäåíî¨ âèùå ìîäåëi ó ðîçäiëi 1 (àíòèôåðîìàãíåòèêè ¹ îäíîîñüîâè-

ìè äâîïiäãðàòêîâèìè, âçà¹ìîäi¹þ Äçÿëîøèíñüêîãî�Ìîði¨, âçàãàëi, çíåõòóâà-

òè íå ìîæíà, âiñü ìàãíiòíî¨ àíiçîòðîïi¨ îáîõ ÀÔÌ ñïðÿìîâàíî îäíàêîâî, ïåð-

ïåíäèêóëÿðíî äî iíòåðôåéñiâ ìiæ íèìè). Òîäi ãðàíè÷íi óìîâè íà iíòåðôåéñàõ

ìiæ ÀÔÌ â ïîçíà÷åííÿõ íàâåäåíî¨ âèùå ìîäåëi ìîæíà çàïèñàòè íàñòóïíèì

÷èíîì: 

aml

[⃗
l2 × l⃗1

]∣∣∣
z=NL

= 0,

alm

[⃗
l2 × l⃗1

]∣∣∣
z=NL

= 0,(
4α1

[⃗
l1 × ∂l⃗1

∂z

]
+ M02

M01
all

[⃗
l2 × l⃗1

])∣∣∣∣∣
z=NL

= 0,

(
4α2

[⃗
l2 × ∂l⃗2

∂z

]
+ M01

M02
all

[⃗
l2 × l⃗1

])∣∣∣∣∣
z=NL

= 0,

(2.1)

äå N � áóäü-ÿêå öiëå ÷èñëî (âiñü Oz ñïðÿìîâàíî óçäîâæ ñïiëüíî¨ îñi ìàãíi-

òíî¨ àíiçîòðîïi¨ äâîõ ÀÔÌ, ïðè öüîìó, ïî÷àòîê ¨¨ âiäëiêó îáðàíî íà îäíîìó ç

iíòåðôåéñiâ).

Î÷åâèäíî, ùî ôîðìóëè (2.1) (äëÿ êîæíîãî öiëîãî N ) óçàãàëüíþþòü

ôîðìóëè (1.28) (äå N = 0 , z = 0 ) íà âèïàäîê äîâiëüíèõ iíòåðôåéñiâ z = NL .

ßêùî êîåôiöi¹íòè alm òà aml íå äîðiâíþþòü íóëþ îäíî÷àñíî, òîáòî

(A11 − A12 + A21 − A22)
2 + (A11 + A12 − A21 − A22)

2 ̸= 0, (2.2)

òî ñèñòåìà ðiâíÿíü (2.1) åêâiâàëåíòíà íàñòóïíié
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[⃗
l1 × l⃗2

]∣∣∣
z=NL

= 0,[⃗
l1 × ∂l⃗1

∂z

]∣∣∣
z=NL

= 0,[⃗
l2 × ∂l⃗2

∂z

]∣∣∣
z=NL

= 0.

(2.3)

Äîñëiäèìî óìîâó (2.2). ßêùî alm = aml = 0 , òî âèêîíó¹òüñÿ íàñòóïíà

ñèñòåìà ðiâíÿíü: {
A11 − A12 + A21 − A22 = 0,

A11 + A12 − A21 − A22 = 0,

çâiäêè ñëiäóþþòü ðiâíîñòi A11 = A22 , A12 = A21 . Òàêèì ÷èíîì, ïåðåõiä âiä

ñèñòåìè (2.1) äî (2.2) ìîæëèâèé çà óìîâè

(A11 − A22)
2 + (A12 − A21)

2 ̸= 0.

2.2 Cèñòåìà ðiâíÿíü Ëàíäàó-Ëiôøèöÿ äëÿ àíòèôåðîìàãíåòè-

êiâ â ñiãìà-ìîäåëi â ñôåðè÷íié ñèñòåìi êîîðäèíàò äëÿ âå-

êòîðà àíòèôåðîìàãíåòèçìó

Ãðàíè÷íi óìîâè (2.3) ìàþòü áóòè çàñòîñîâàíi äî ðîçâ'ÿçêiâ ðiâíÿíü

Ëàíäàó�Ëiôøèöÿ (1.22), (1.23). Äëÿ çíàõîäæåííÿ ðîçâ'ÿçêiâ öèõ ðiâíÿíü çà-

ñòîñó¹ìî ñôåðè÷íi êîîðäèíàòè (r, θ, φ) ç ôîðìóëàìè ïåðåõîäó äî äåêàðòîâèõ
x = r sin θ cosφ,

y = r sin θ sinφ,

z = r cos θ.

Çàóâàæèâøè, ùî â ðàìêàõ ìîäåëi, ÿêà âèêîðèñòîâó¹òüñÿ â äàíié çàäà÷i,

äîâæèíó âåêòîðà àíòèôåðîìàãíåòèçìó îáîõ ÀÔÌ ìîæíà ââàæàòè íàáëèæå-

íî ñòàëîþ
( ∣∣∣L⃗(i)

∣∣∣ = L
(i)
0 = const

)
, çîáðàçèìî âåêòîð àíòèôåðîìàãíåòèçìó ó

âèãëÿäi

L⃗(i) = L
(i)
0 (e⃗x sin θi cosφi + e⃗y sin θi sinφi + e⃗z cos θi) , i = 1, 2,

äå e⃗x , e⃗y , e⃗z � îðòè îñåé Ox , Oy òà Oz , âiäïîâiäíî.
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Òàêèì ÷èíîì, θi(x, y, z, t) òà φi(x, y, z, t) � àçèìóòàëüíèé òà ïîëÿðíèé

êóòè âåêòîðiâ L⃗(i) , âiäïîâiäíî, ïðè÷îìó θi ìîæå çìiíþâàòèñü âiä −π äî

π , à äiàïàçîí çìiíè φi ¹ íåîáìåæåíèì (ç óðàõóâàííÿì óìîâè ïåðiîäè÷íîñòi

òà íàéìåíøèì äîäàòíèì ïåðiîäîì ðiâíèì 2π ). Ïåðåõîäÿ÷è äî áåçðîçìiðíîãî

âåêòîðó àíòèôåðîìàãíåòèçìó, âðàõîâóþ÷è (1.1), çàïèøåìî âiäïîâiäíî
lix = sin θi cosφi,

liy = sin θi sinφi,

liz = cos θi, i = 1, 2.

(2.4)

Ïðè ïiäñòàíîâöi âåêòîðà àíòèôåðîìàãíåòèçìó â çàçíà÷åíîìó âèãëÿäi ó

cèñòåìè ðiâíÿíü Ëàíäàó�Ëiôøèöÿ (1.22), (1.23) çàóâàæèìî, ùî äîäàíêè â öèõ

ðiâíÿííÿõ, ÿêi ìiñòÿòü äåëüòà-ôóíêöiþ δ(z) , âðàõîâóþòü âïëèâ iíòåðôåéñó

íà ñïiíîâó õâèëþ � i, îòæå, ïiñëÿ íàêëàäàííÿ ãðàíè÷íèõ óìîâ (2.3), ÿêi âëà-

ñíå âðàõîâóþòü öåé âïëèâ, ìîæóòü áóòè çíåõòóâàíi ïðè çíàõîäæåííi âåêòîðiâ

m⃗i , l⃗i , i = 1, 2 , âñåðåäèíi àíòèôåðîìàãíiòíèõ ñåêöié.

Ïiñëÿ çàñòîñóâàííÿ çàçíà÷åíîãî âèùå ñïðîùåííÿ ñèñòåìè ðiâíÿíü

Ëàíäàó�Ëiôøèöÿ (1.22), (1.23) ìîæíà çàïèñàòè ó âèãëÿäi:

2
γM0i

∂m⃗i

∂t =

[
4
([⃗

li × d⃗i

]
− h⃗0i

)
× m⃗i

]
+

+

[(
4
(
−αi∆l⃗i + βii e⃗z liz +

[
d⃗i × m⃗i

]))
× l⃗i

]
,

2
γM0i

∂l⃗i
∂t =

[(
4
(
δim⃗i +

[⃗
li × d⃗i

]
− h⃗0i

))
× l⃗i

]
, i = 1, 2,

àáî, ïiñëÿ âèêîðèñòàííÿ âiäîìèõ âëàñòèâîñòåé âåêòîðíîãî äîáóòêó[[⃗
li × d⃗i

]
× m⃗i

]
+
[[
d⃗i × m⃗i

]
× l⃗i

]
= −

[[
m⃗i × l⃗i

]
× d⃗i

]
=

= −
(
l⃗i

(
m⃗id⃗i

)
− m⃗i

(
l⃗id⃗i

))
= m⃗i

(
l⃗id⃗i

)
− l⃗i

(
m⃗id⃗i

)
,

ó òàêié ôîðìi

2
γM0i

∂m⃗i

∂t =4

([
m⃗i × h⃗0i

]
+

[(
−αi∆l⃗i + βii e⃗z liz

)
× l⃗i

]
+

+ m⃗i

(
l⃗id⃗i

)
− l⃗i

(
m⃗id⃗i

))
,

2
γM0i

∂l⃗i
∂t =

[(
4
(
δim⃗i +

[⃗
li × d⃗i

]
− h⃗0i

))
× l⃗i

]
, i = 1, 2.

(2.5)
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Âèêëþ÷èìî ç öi¹¨ ñèñòåìè ðiâíÿíü áåçðîçìiðíi âåêòîðè íàìàãíi÷åíîñòi

m⃗i , i = 1, 2 . Äëÿ öüîãî âèðàçèìî ç äðóãîãî ðiâíÿííÿ ñèñòåìè (2.5). Äîìíî-

æèâøè öå ðiâíÿííÿ âåêòîðíî íà l⃗i , i = 1, 2 , îòðèìà¹ìî

2

γM0i

[
∂l⃗i
∂t

× l⃗i

]
=

[(
4
(
δim⃗i +

[⃗
li × d⃗i

]
− h⃗0i

))
× l⃗i

]
× l⃗i.

Çàóâàæóþ÷è, ùî
∣∣∣⃗li∣∣∣ = 1 , i = 1, 2 , òà çäiéñíþþ÷è íåîáõiäíi ïåðåòâîðå-

ííÿ, îäåðæó¹ìî äëÿ äîâiëüíîãî âåêòîðà a⃗ :[
a⃗× l⃗i

]
× l⃗i = −a⃗+

(
a⃗⃗li

)
l⃗i, i = 1, 2,

çîêðåìà, ïðè
[
a⃗× l⃗i

]
× l⃗i = −a⃗ ïðè a⃗ ⊥ l⃗i , i = 1, 2 . Îñêiëüêè

[⃗
li × d⃗i

]
⊥ l⃗i ,

m⃗i ⊥ l⃗i (îñòàíí¹ ¹ íàñëiäêîì òîãî, ùî ãóñòèíà ìàãíiòíîãî ìîìåíòó ïiäãðàòîê

îáîõ ÀÔÌ ¹ íàáëèæåíî îäíàêîâîþ çà ìîäóëåì
∣∣∣M⃗ (i)

1

∣∣∣ ≈ ∣∣∣M⃗ (i)
2

∣∣∣ , i = 1, 2 , òà

ïðîòèëåæíîþ çà íàïðÿìêîì, òîæ äëÿ êîæíîãî i ∈ {1, 2} âåêòîð M⃗
(i)
1 +M⃗

(i)
2 ⇈

⇈ m⃗i i, îòæå, äî âåêòîðó M⃗
(i)
1 − M⃗

(i)
2 ⇈ l⃗i ). Òàêèì ÷èíîì,[(

δi m⃗i +
[⃗
li × d⃗i

]
− h⃗0i

)
× l⃗i

]
× l⃗i = −

(
δi m⃗i +

[⃗
li × d⃗i

]
− h⃗0i

)
−
(
h⃗0i⃗li

)
l⃗i,

çâiäêè îòðèìó¹ìî

2

γM0i

[
∂l⃗i
∂t

× l⃗i

]
= −4

(
δi m⃗i +

[⃗
li × d⃗i

]
− h⃗0i

)
− 4

(
h⃗0i l⃗i

)
l⃗i, i = 1, 2.

Âèðàæàþ÷è çâiäñè m⃗i , i = 1, 2 , îäåðæó¹ìî

m⃗i =
1

4δi

(
− 2

γM0i

[
∂l⃗i
∂t

× l⃗i

]
− 4

(
h⃗0i l⃗i

)
l⃗i − 4

[⃗
li × d⃗i

]
+ 4h⃗0i

)
,

m⃗i =
1

δi

(
− 2

4γM0i

[
∂l⃗i
∂t

× l⃗i

]
−
(
h⃗0i l⃗i

)
l⃗i −

[⃗
li × d⃗i

]
+ h⃗0i

)
, i = 1, 2, (2.6)

äàëi, ïiäñòàâëÿþ÷è â ïåðøå ðiâíÿííÿ ñèñòåìè (2.5), ìà¹ìî

2

γM0i

[
∂l⃗i
∂t

× l⃗i

]
= 4

([
m⃗i × h⃗0i

]
+

+
[(

−αi∆l⃗i + βiie⃗zliz

)
× l⃗i

]
+ m⃗i

(
l⃗id⃗i

)
− l⃗i

(
m⃗id⃗i

))
,
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ÿê íàñëiäîê, îòðèìó¹ìî äèôåðåíöiéíå ðiâíÿííÿ äëÿ áåçðîçìiðíîãî âåêòîðó

àíòèôåðîìàãíåòèçìó l⃗i , i = 1, 2 , ÿêå âæå íå ìiñòèòü áåçðîçìiðíî¨ ãóñòèíè

íàìàãíi÷åíîñòi m⃗i , i = 1, 2 :

2

γM0i

1

4δi

∂

∂t

(
− 2

γM0i

[
∂l⃗i
∂t

× l⃗i

]
− 4

(
h⃗0i⃗li

)
l⃗i − 4

[⃗
li × d⃗i

]
+ 4h⃗0i

)
=

= 4

([
1

4δi

(
− 2

γM0i

[
∂l⃗i
∂t

× l⃗i

]
− 4

(
h⃗0i⃗li

)
l⃗i − 4

[⃗
li × d⃗i

]
+ 4h⃗0i

)
× h⃗0i

]
+

+
[(

−αi∆l⃗i + βiie⃗zliz

)
× l⃗i

]
+

+
1

4δi

(
− 2

γM0i

[
∂l⃗i
∂t

× l⃗i

]
− 4

(
h⃗0i⃗li

)
l⃗i − 4

[⃗
li × d⃗i

]
+ 4h⃗0i

)(
l⃗id⃗i

)
−

−l⃗i

(
d⃗i

1

4δi

(
− 2

γM0i

[
∂l⃗i
∂t

× l⃗i

]
− 4

(
h⃗0i l⃗i

)
l⃗i − 4

[⃗
li × d⃗i

]
+ 4h⃗0i

)))
.

Âiçüìåìî ñïî÷àòêó ïîõiäíó çà ÷àñîì ó ëiâié ÷àñòèíi îäåðæàíîãî ðiâíÿííÿ,

ââàæàþ÷è ïðè öüîìó âåêòîð Äçÿëîøèíñüêîãî�Ìîði¨ d⃗i â îáîõ ÀÔÌ ñòàëèì,

òàê ùî ∂d⃗i
∂t = 0 :

2

γ M0iδi

(
1

2γM0i

[
l⃗i ×

∂2l⃗i
∂t2

]
−

(
∂h⃗0i

∂t
l⃗i

)
l⃗i −

(
h⃗0i

∂l⃗i
∂t

)
l⃗i −

(
h⃗0i⃗li

) ∂l⃗i
∂t

−

−

[
∂l⃗i
∂t

× d⃗i

]
+

∂h⃗0i

∂t

)
=

= 4

([
1

4δi

(
− 2

γM0i

[
∂l⃗i
∂t

× l⃗i

]
− 4

(
h⃗0i⃗li

)
l⃗i − 4

[⃗
li × d⃗i

]
+ 4h⃗0i

)
× h⃗0i

]
+

+
[(

−αi∆l⃗i + βiie⃗zliz

)
× l⃗i

]
+

+
1

4δi

(
− 2

γM0i

[
∂l⃗i
∂t

× l⃗i

]
− 4

(
h⃗0i⃗li

)
l⃗i − 4

[⃗
li × d⃗i

]
+ 4h⃗0i

)(
l⃗id⃗i

)
−

− l⃗i

(
d⃗i

1

4δi

(
− 2

γM0i

[
∂l⃗i
∂t

× l⃗i

]
− 4

(
h⃗0i⃗li

)
l⃗i − 4

[⃗
li × d⃗i

]
+ 4h⃗0i

)))
,

àáî ïiñëÿ ïåðåãðóïóâàííÿ, îäåðæó¹ìî íàñòóïíi ïîñëiäîâíi ðiâíîñèëüíi ïåðå-

òâîðåííÿ îñòàííüîãî ðiâíÿííÿ[
l⃗i ×

(
2

γM0iδi

∂2l⃗i
∂t2

1

2γM0i

)]
+ 4αi

[
∆l⃗i × l⃗i

]
+
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+
2

γM0i δi

(
−

(
∂h⃗0i

∂t
l⃗i

)
l⃗i −

(
h⃗0i

∂l⃗i
∂t

)
l⃗i −

(
h⃗0i l⃗i

) ∂l⃗i
∂t

−

[
∂l⃗i
∂t

× d⃗i

]
+

∂h⃗0i

∂t

)
=

= 4

([
1

4δi

(
− 2

γM0i

[
∂l⃗i
∂t

× l⃗i

]
− 4

(
h⃗0i⃗li

)
l⃗i − 4

[⃗
li × d⃗i

]
+ 4h⃗0i

)
× h⃗0i

]
+

+βii liz

[
e⃗z × l⃗i

]
+

+
1

4δi

(
− 2

γM0i

[
∂l⃗i
∂t

× l⃗i

]
− 4

(
h⃗0i⃗li

)
l⃗i − 4

[⃗
li × d⃗i

]
+ 4h⃗0i

)(
l⃗id⃗i

)
−

− l⃗i

(
d⃗i

1

4δi

(
− 2

γM0i

[
∂l⃗i
∂t

× l⃗i

]
− 4

(
h⃗0i⃗li

)
l⃗i − 4

[⃗
li × d⃗i

]
+ 4h⃗0i

)))
,[

l⃗i ×

(
1

γ2M 2
0iδi

∂2l⃗i
∂t2

− 4αi∆l⃗i

)]
+

+
2

γM0iδi

(
−

(
∂h⃗0i

∂t
l⃗i

)
l⃗i −

(
h⃗0i

∂l⃗i
∂t

)
l⃗i−

−
(
h⃗0i l⃗i

) ∂l⃗i
∂t

−

[
∂l⃗i
∂t

× d⃗i

]
+

∂h⃗0i

∂t

)
=

= 4

([
1

4δi

(
− 2

γM0i

[
∂l⃗i
∂t

× l⃗i

]
− 4

(
h⃗0i⃗li

)
l⃗i − 4

[⃗
li × d⃗i

]
+ 4h⃗0i

)
× h⃗0i

]
+

+βii liz

[
e⃗z × l⃗i

]
+

+
1

4δi

(
− 2

γM0i

[
∂l⃗i
∂t

× l⃗i

]
− 4

(
h⃗0i⃗li

)
l⃗i − 4

[⃗
li × d⃗i

]
+ 4h⃗0i

)(
l⃗id⃗i

)
−

− l⃗i

(
d⃗i

1

4δi

(
− 2

γM0i

[
∂l⃗i
∂t

× l⃗i

]
− 4

(
h⃗0i⃗li

)
l⃗i − 4

[⃗
li × d⃗i

]
+ 4h⃗0i

)))
,[

l⃗i ×

(
4αi∆l⃗i −

1

γ2M 2
0i δi

∂2l⃗i
∂t2

)]
+

+
2

γM0i δi

((
∂h⃗0i

∂t
l⃗i

)
l⃗i +

(
h⃗0i

∂l⃗i
∂t

)
l⃗i +

(
h⃗0i l⃗i

) ∂l⃗i
∂t

+

[
∂l⃗i
∂t

× d⃗i

]
− ∂h⃗0i

∂t

)
=

= −4

([
1

4δi

(
− 2

γM0i

[
∂l⃗i
∂t

× l⃗i

]
− 4

(
h⃗0i⃗li

)
l⃗i − 4

[⃗
li × d⃗i

]
+ 4h⃗0i

)
× h⃗0i

]
+
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+βii liz

[
e⃗z × l⃗i

]
+

+
1

4δi

(
− 2

γM0i

[
∂l⃗i
∂t

× l⃗i

]
− 4

(
h⃗0i⃗li

)
l⃗i − 4

[⃗
li × d⃗i

]
+ 4h⃗0i

)(
l⃗id⃗i

)
−

− l⃗i

(
d⃗i

1

4δi

(
− 2

γM0i

[
∂l⃗i
∂t

× l⃗i

]
− 4

(
h⃗0i⃗li

)
l⃗i − 4

[⃗
li × d⃗i

]
+ 4h⃗0i

)))
.

Ïåðåòâîðèìî ïðàâó ÷àñòèíó îòðèìàíîãî ðiâíÿííÿ ç óðàõóâàííÿì ðiâíî-

ñòåé

h⃗0i × h⃗0i = 0, d⃗i

[⃗
li × d⃗i

]
= 0,

[[
∂l⃗i
∂t

× h⃗0i

]
× h⃗0i

]
= l⃗i

(
∂l⃗i
∂t

h⃗0i

)
− ∂l⃗i

∂t

(
l⃗ih⃗0i

)
,

îäåðæó¹ìî: [
l⃗i ×

(
4αi∆l⃗i −

1

γ2M 2
0i δi

∂2l⃗i
∂t2

)]
+

+
2

γM0i δi

((
∂h⃗0i

∂t
l⃗i

)
l⃗i +

(
h⃗0i

∂l⃗i
∂t

)
l⃗i +

(
h⃗0i l⃗i

) ∂l⃗i
∂t

+

[
∂l⃗i
∂t

× d⃗i

]
− ∂h⃗0i

∂t

)
=

= −4

([
1

4δi

(
−4
(
h⃗0i⃗li

)
l⃗i − 4

[⃗
li × d⃗i

]
+ 4h⃗0i

)
× h⃗0i

]
+ βii liz

[
e⃗z × l⃗i

]
+

+
2

4δiγ M0i

(
∂l⃗i
∂t

(
l⃗i h⃗0i

)
− l⃗i

(
∂l⃗i
∂t

h⃗0i

))
+

+
1

4δi

(
− 2

γM0i

[
∂l⃗i
∂t

× l⃗i

]
− 4

(
h⃗0i⃗li

)
l⃗i − 4

[⃗
li × d⃗i

]
+ 4h⃗0i

)(
l⃗id⃗i

)
−

− l⃗i

(
d⃗i

1

4δi

(
− 2

γM0i

[
∂l⃗i
∂t

× l⃗i

]
− 4

(
h⃗0i⃗li

)
l⃗i + 4h⃗0i

)))
,

çäiéñíþ¹ìî äàëi ïåðåãðóïóâàííÿ, îäåðæó¹ìî[
l⃗i ×

(
4αi∆l⃗i −

1

γ2M 2
0i δi

∂2l⃗i
∂t2

)]
+

4

γ M0i δi

(
h⃗0i⃗li

) ∂l⃗i
∂t

−

− 2

γ M0iδi

∂l⃗i
∂t

− 4βii liz

[⃗
li × e⃗z

]
+

+
4

δi

(
l⃗i d⃗i

) [
d⃗i × l⃗i

]
= − 2

γM0i δi

((
∂h⃗0i

∂t
l⃗i

)
l⃗i +

(
h⃗0i

∂l⃗i
∂t

)
l⃗i +

[
∂l⃗i
∂t

× d⃗i

])
−
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−4

([
1

4δi

(
−4
(
h⃗0i⃗li

)
l⃗i − 4

[⃗
li × d⃗i

])
× h⃗0i

]
− 2

4δiγM0i
l⃗i

(
∂l⃗i
∂t

h⃗i

)
+

+
1

4δi

(
− 2

γM0i

[
∂l⃗i
∂t

× l⃗i

]
− 4

(
h⃗0i⃗li

)
l⃗i + 4h⃗0i

)(
l⃗id⃗i

)
−

− l⃗i

(
d⃗i

1

4δi

(
− 2

γM0i

[
∂l⃗i
∂t

× l⃗i

]
− 4

(
h⃗0i⃗li

)
l⃗i + 4h⃗0i

)))
.

Âðàõîâóþ÷è, ùî â ïðàâié ÷àñòèíi îñòàííüîãî ðiâíÿííÿ âçà¹ìíî çíè-

ùàòüñÿ òàêi ïîïàðíi äîäàíêè:
(
− 2

γM0i δi

(
h⃗0i

∂l⃗i
∂t

)
l⃗i

)
òà 2

γM0i δi
l⃗i

(
∂l⃗i
∂t h⃗0i

)
,

1
δi

(
h⃗0i l⃗i

)
l⃗i

(
l⃗id⃗i

)
òà
(
−l⃗i

(
d⃗i

1
δi

(
h⃗0i l⃗i

)
l⃗i

))
, çàïèñó¹ìî ðåçóëüòóþ÷å ðiâíÿí-

íÿ ó âèãëÿäi[
l⃗i ×

(
4αi∆l⃗i −

1

γ2M 2
0i δi

∂2l⃗i
∂t2

)]
+

4

γ M0i δi

(
h⃗0i⃗li

) ∂l⃗i
∂t

− 2

γ M0iδi

∂l⃗i
∂t

−

−4βii liz

[⃗
li × e⃗z

]
+

+
4

δi

(
l⃗i d⃗i

) [
d⃗i × l⃗i

]
= − 2

γM0i δi

((
∂h⃗0i

∂t
l⃗i

)
l⃗i +

[
∂l⃗i
∂t

× d⃗i

])
−

−4

([
1

4δi

(
−4
(
h⃗0i⃗li

)
l⃗i − 4

[⃗
li × d⃗i

])
× h⃗0i

]
+

+
1

4δi

(
− 2

γM0i

[
∂l⃗i
∂t

× l⃗i

]
+ 4h⃗0i

)(
l⃗id⃗i

)
−

− l⃗i

(
d⃗i

1

4δi

(
− 2

γM0i

[
∂l⃗i
∂t

× l⃗i

]
+ 4h⃗0i

)))
,

òà çàóâàæóþ÷è, ùî

1

δi
l⃗i

(
d⃗i h⃗0i

)
− 1

δi
h⃗0i

(
l⃗id⃗i

)
=

1

δi

[[
h⃗0i × l⃗i

]
× d⃗i

]
,

1

δi

[[
h⃗0i × l⃗i

]
× d⃗i

]
+

1

δi

[[⃗
li × d⃗i

]
× h⃗0i

]
=

= − 1

δi

[[
d⃗i × h⃗0i

]
× l⃗i

]
= − 1

δi

[⃗
li ×

[
h⃗0i × d⃗i

]]
,

ñïðîñòèìî ðiâíÿííÿ äî âèãëÿäó[
l⃗i ×

(
4αi∆l⃗i −

1

γ2M 2
0i δi

∂2l⃗i
∂t2

)]
+

4

γ M0i δi

(
h⃗0i⃗li

) ∂l⃗i
∂t

−
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− 2

γ M0iδi

∂h⃗0i

∂t
− 4βii liz

[⃗
li × e⃗z

]
+

+
4

δi

(
l⃗i d⃗i

) [
d⃗i × l⃗i

]
+

4

δi

[⃗
li ×

[
h⃗0i × d⃗i

]]
− 4

δi

[⃗
li × h⃗0i

] (
l⃗i h⃗0i

)
=

= − 2

γM0i δi

((
∂h⃗0i

∂t
l⃗i

)
l⃗i +

[
∂l⃗i
∂t

× d⃗i

])
−

−4

(
1

4δi

(
− 2

γM0i

[
∂l⃗i
∂t

× l⃗i

])(
l⃗i d⃗i

)
− l⃗i

(
d⃗i

1

4δi

(
− 2

γM0i

[
∂l⃗i
∂t

× l⃗i

])))
.

Îñêiëüêè ðiçíèöÿ

2

γM0iδi

[
∂l⃗i
∂t

× l⃗i

](
l⃗id⃗i

)
− 2

γM0iδi
l⃗i

(
d⃗i

[
∂l⃗i
∂t

× l⃗i

])
=

=
2

γM0iδi

[[⃗
li ×

[∂l⃗i
∂t

× l⃗i

]]
× d⃗i

]
=

= − 2

γM0iδi

[[[
∂l⃗i
∂t

× l⃗i

]
× l⃗i

]
× d⃗i

]
= − 2

γM0iδi

[(
−∂l⃗i
∂t

+

(
∂l⃗i
∂t

l⃗i

)
l⃗i

)
× d⃗i

]
,

òî îñòàíí¹ ðiâíÿííÿ íàáóäå âèãëÿäó[
l⃗i ×

(
4αi∆l⃗i −

1

γ2M 2
0i δi

∂2l⃗i
∂t2

)]
+

4

γ M0i δi

(
h⃗0i⃗li

) ∂l⃗i
∂t

−

− 2

γ M0iδi

∂h⃗0i

∂t
− 4βii liz

[⃗
li × e⃗z

]
+

+
4

δi

(
l⃗i d⃗i

) [
d⃗i × l⃗i

]
+

4

δi

[⃗
li ×

[
h⃗0i × d⃗i

]]
− 4

δi

[⃗
li × h⃗0i

] (
l⃗i h⃗0i

)
=

= − 2

γM0i δi

((
∂h⃗0i

∂t
l⃗i

)
l⃗i +

[
∂l⃗i
∂t

× d⃗i

]
+

(
∂l⃗i
∂t

d⃗i

) [⃗
li × d⃗i

])
;

îñêiëüêè ó âèêîðèñòàíié ìîäåëi ìîæíà ââàæàòè ∂h⃗0i

∂t ⊥ l⃗i , òî äîäàíêîì
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∂l⃗i
∂t d⃗i

) [⃗
li × d⃗i

]
ìîæíà çíåõòóâàòè; îòðèìó¹ìî îñòàòî÷íî[

l⃗i ×

(
4αi∆l⃗i −

1

γ2M 2
0i δi

∂2l⃗i
∂t2

)]
+

4

γ M0i δi

(
h⃗0i⃗li

) ∂l⃗i
∂t

−

− 2

γ M0iδi

∂h⃗0i

∂t
− 4βii liz

[⃗
li × e⃗z

]
+

+
4

δi

(
l⃗i d⃗i

) [
d⃗i × l⃗i

]
+

4

δi

[⃗
li ×

[
h⃗0i × d⃗i

]]
−

− 4

δi

[⃗
li × h⃗0i

] (
l⃗i h⃗0i

)
= − 2

γM0i δi

((
∂h⃗0i

∂t
l⃗i

)
l⃗i

)
.

(2.7)

Ïðè çàìiíi γM0i → 4γM0i îòðèìàíå ðiâíÿííÿ ïåðåâàæíî ñïiâïàäà¹ ç

íàâåäåíèì ó ðîáîòi [7].

Äëÿ ïðîñòîòè ðîçãëÿíåìî ïîñòiéíå ïîëå h⃗0i , òîäi äîäàíîê
(
∂h⃗0i

∂t l⃗i

)
l⃗i = 0 .

Ó âèùå íàâåäåíîìó âèâåäåííi ðiâíÿíü âèêîðèñòîâóâàëîñÿ íàáëèæåíi ñïiââiä-

íîøåííÿ: l⃗i
2
≈ 1, i = 1, 2. Âiçüìåìî ïîõiäíó çà ÷àñîì:

2⃗li
∂l⃗i
∂t

= 0, i = 1, 2.

Îñêiëüêè
∣∣∣∂l⃗i∂t

∣∣∣ ̸= 0 ,
∣∣∣⃗li∣∣∣ ̸= 0 , i = 1, 2 , òî â öié ìîäåëi ∂l⃗i

∂t ⊥ l⃗i , i = 1, 2 .

Îòæå, îáåðåìî ðiâíÿííÿ äëÿ áåçðîçìiðíîãî âåêòîðó àíòèôåðîìàãíåòè-

çìó l⃗i , i = 1, 2 , âiäïîâiäíî äî [7], ùî ó ïîçíà÷åííÿõ íàøîãî ðîçðàõóíêó

(òîáòî l⃗i
2
≈ 1 , h⃗0i = const , çàìiíà γM0i → 4γM0i ïðè i = 1, 2 ) âiäïîâiäà¹

íàñòóïíié ôîðìi:[
l⃗i ×

(
αi∆l⃗i −

4

γ2M 2
0i δi

∂2l⃗i
∂t2

)]
+

4

γ M0i δi

(
h⃗0i⃗li

) ∂l⃗i
∂t

−

− 2

γ M0iδi

∂h⃗0i

∂t
− βii liz

[⃗
li × e⃗z

]
+

+
1

δi

(
l⃗i d⃗i

) [
d⃗i × l⃗i

]
+

1

δi

[⃗
li ×

[
h⃗0i × d⃗i

]]
− 1

δi

[⃗
li × h⃗0i

] (
l⃗i h⃗0i

)
= 0.

(2.8)

Ïiäñòàâëÿþ÷è â îñòàíí¹ ðiâíÿííÿ âèðàçè äëÿ l⃗i , i = 1, 2 , ó âèãëÿäi (2.4),

i ïðèïóñòèâøè, ùî çîâíiøí¹ ìàãíiòíå ïîëå òà âåêòîð Äçÿëîøèíñüêîãî�Ìîði¨

äëÿ îáîõ ÀÔÌ ñïðÿìîâàíi óçäîâæ îñi ìàãíiòíî¨ àíiçîòðîïi¨, òàê ùî

h⃗0i = h0i e⃗z, d⃗i = di e⃗z, i = 1, 2,
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ïðèõîäèìî äî âèñíîâêó, ùî ðiâíÿííÿ (2.8) ó ïîêîìïîíåíòíîìó âèãëÿäi (ïðîå-

êöi¨ íà îñi Ox , Oy , Oz âiäïîâiäíî) äëÿ êîæíîãî ÀÔÌ ç íîìåðîì i ∈ {1, 2}
íàáóâà¹ âèãëÿäó (äèâ. äîâåäåííÿ ó äîäàòêó B):

αi

(
− sinφi∆θi − 2 cos2 θi cosφi ∇⃗θi∇⃗φi+

+sin θi sinφi cos θi

(
∇⃗φi

)2
−

− sin θi cosφi cos θi∆φi)−

− 4
γ2 M2

0i δi

(
− sinφi

∂2θi
∂t2 − 2 cos2 θi cosφi

∂θi
∂t

∂φi

∂t +

+sin θi sinφi cos θi

(
∂φi

∂t

)2
− sin θi cosφi cos θi

∂2φi

∂t2

)
+

+h0i cos θi

(
4

γM0i δi

(
cos θi cosφi

∂θi
∂t − sin θi sinφi

∂φi

∂t

)
−

− 1
δi
h0i sin θi sinφi

)
−

− 1
δi
sin θi cos θi sinφi d

2
i − βii sin θi cos θi sinφi = 0,

αi

(
cosφi∆θi − 2 cos2 θi sinφi ∇⃗θi∇⃗φi − sin θi cosφi cos θi

(
∇⃗φi

)2
−

− sin θi sinφi cos θi∆φi)− 4
γ2 M2

0i δi

(
cosφi

∂2θi
∂t2 − 2 cos2 θi sinφi

∂θi
∂t

∂φi

∂t −

− sin θi cosφi cos θi

(
∂φi

∂t

)2
− sin θi sinφi cos θi

∂2φi

∂t2

)
+

+h0i cos θi

(
4

γM0i δi

(
cos θi sinφi

∂θi
∂t + sin θi cosφi

∂φi

∂t

)
+

+ 1
δi
h0i sin θi cosφi

)
+

+ 1
δi
sin θi cos θi cosφi d

2
i + βii sin θi cos θi cosφi = 0,

αi

(
2 sin θi cos θi ∇⃗θi∇⃗φi + sin2 θi∆φi

)
−

− 4
γ2M2

0iδi

(
2 sin θi cos θi

∂θi
∂t

∂φi

∂t + sin2 θi
∂2φi

∂t2

)
+(

−h0i
4

γM0i δi
cos θi sin θi − 2

γM0i δi
∂h0i

∂t

)
= 0,

(2.9)

äå ïåðøå ðiâíÿííÿ äàíî¨ ñèñòåìè � ïðîåêöiÿ âåêòîðíîãî ðiâíÿííÿ (2.8) íà

âiñü Ox , äðóãå � íà âiñü Oy , òðåò¹ � íà âiñü Oz , âiäïîâiäíî.



61

Äîìíîæèìî çíàéäåíó âèùå x -êîìïîíåíòó ðiâíÿííÿ (2.8) íà (− sinφi) ,

à y -êîìïîíåíòó íà cosφi , äàëi, ïðîâåäåìî äîäàâàííÿ òàêèì ÷èíîì ïåðåòâî-

ðåíèõ ðiâíÿíü, îäåðæó¹ìî:

αi

(
sin2 φi∆θi + 2 cos2 θi sinφi cosφi ∇⃗θi∇⃗φi − sin θi sin

2 φi cos θi

(
∇⃗φi

)2
−

− sin θi cosφi sinφi cos θi∆φi

)
−

− 4

γ2M 2
0i δi

(
sin2 φi

∂2θi
∂t2

+ 2 cos2 θi sinφi cosφi
∂θi
∂t

∂φi

∂t
−

−sin θi sin
2 φi cos θi

(
∂φi

∂t

)2

+ sin θi cosφi sinφi cos θi
∂2φi

∂t2

)
+

−h0i cos θi

(
4

γ M0i δi

(
cos θi sinφi cosφi

∂θi
∂t

− sin θi sin
2 φi

∂φi

∂t

)
−

− 1

δi
h0i sin θi sin

2 φi

)
+

+

(
d2i
δi

+ βii

)
sin θi cos θi sin

2 φi+

+αi

(
cos2 φi∆θi − 2 cos2 θi sinφi ∇⃗θi ∇⃗φi−

− sin θi cos θi cos
2 φi

(
∇⃗φi

)2
− sin θi cos θi sinφi cosφi∆φi

)
−

− 4

γ2M 2
0i δi

(
cos2 φi

∂2θi
∂t2

− 2 cos2 θi cosφi sinφi
∂θi
∂t

∂φi

∂t
−

−sin θi cos θi cos
2 φi

(
∂φi

∂t

)2

− sin θi cos θi cosφi sinφi
∂2φi

∂t2

)
+

+h0i cos θi

(
4

γ M0i δi

(
cos θi sinφi cosφi

∂θi
∂t

+ sin θi cos
2 φi

∂φi

∂t

)
+

+
1

δi
h0i sin θi cos

2 φi

)
+

−
(
d2i
δi

+ βii

)
sin θi cos θi cos

2 φi = 0.

Ïåðåòâîðþ¹ìî îñòàíí¹ ðiâíÿííÿ äî âèãëÿäó

αi

(
∆θi − sin θi cos θi

(
∇⃗φi

)2)
− 4

γ2M 2
0i δi

(
∂2θi
∂t2

− sin θi cos θi

(
∂φi

∂t

)2
)
+
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+h0i cos θi

(
4

γ M0i δi
sin θi

∂φi

∂t
+

1

δi
h0i sin θi

)
+

(
d2i
δi

+ βii

)
sin θi cos θi = 0.

Êîìáiíóþ÷è öå ðiâíÿííÿ ç îòðèìàíîþ âèùå Oz -êîìïîíåíòîþ âèõiäíîãî

ðiâíÿííÿ îòðèìó¹ìî îñòàòî÷íî ñèñòåìó



αi∆θi − 4
γ2M2

0i δi

∂2θi
∂t2 +

+sin θi cos θi

(
−αi

(
∇⃗φi

)2
+ 4

γ2M2
0i δi

(
∂φi

∂t

)2
+
(
d2i
δi
+ βii

)
+

+h0i

(
4

|γ|M0i δi

∂φi

∂t + 1
δi
h0i

))
,

2 sin θi cos θi

(
αi ∇⃗θi∇⃗φi − 4

γ2M2
0iδi

∂θi
∂t

∂φi

∂t − h0i
2

γM0i δi
∂θi
∂t

)
+

+sin2 θi

(
αi∆φi − 4

γ2M2
0i δi

∂2φi

∂t2

)
− 2

γM0i δi
∂h0i

∂t = 0.

(2.10)

Òðåòüîãî ðiâíÿííÿ â ñiãìà ìîäåëi íå ìîæå áóòè, òàê ÿê l⃗2i ≈ 1 , i = 1, 2 .

Òîìó íåçàëåæíèìè ¹ òiëüêè äâi ïðîåêöi¨ âåêòîðà l⃗i , i = 1, 2 , â ñôåðè÷íié

ñèñòåìi êîîðäèíàò, òîìó ìà¹ìî ëèøå äâà íåçàëåæíèõ ðiâíÿííÿ.

Îòæå, ðiâíÿííÿ (2.10) ðiâíîñèëüíå ðiâíÿííÿì (2.8) òà (2.9) âiäïîâiäíî.

Ðîçïèøåìî àíàëîãi÷íî (2.7) ó çàãàëüíîìó âèïàäêó, êîëè õî÷à á îäíå ç

h0i , i ∈ {1, 2} , íå ¹ òîòîæíîþ ñòàëîþ. Äëÿ öüîãî, âðàõîâóþ÷è ðiâíiñòü

− 2

γ M0i δi

((
∂h0i

∂t
l⃗i

)
l⃗i

)
= − 2

γ M0i δi

∂h0i

∂t
cos θi


sin θi sinφi

− sin θi cosφi

0

 ,

ïðèõîäèìî äî âèñíîâêó, ùî âiäïîâiäíèé äîäàíîê äëÿ Ox -êîìïîíåíòè ðiâ-

íÿííÿ çìiíèòüñÿ íà âåëè÷èíó 2
γM0i δi

∂h0i

∂t cos θi sin θi sinφi , âiäïîâiäíèé äîäà-

íîê äëÿ Oy -êîìïîíåíòè ðiâíÿííÿ � íà âåëè÷èíó 2
γM0i δi

∂h0i

∂t cos θi sin θi sinφi ,

âiäïîâiäíèé äîäàíîê äëÿ Oz -êîìïîíåíòè ðiâíÿííÿ � íà âåëè÷èíó
2

γM0i δi
∂h0i

∂t cos2 θi .

Îñêiëüêè

− 2

γ M0i δi

∂h0i

∂t
+

2

γ M0i δi

∂h0i

∂t
cos2 θi = − 2

γ M0i δi

∂h0i

∂t
sin2 θi,

òî äðóãå ðiâíÿííÿ â (2.10) ç óðàõóâàííÿì öüîãî äîäàíêó ïåðåïèøåòüñÿ ó âè-
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ãëÿäi

2 sin θi cos θi

(
αi ∇⃗θi ∇⃗φi −

4

γ2M 2
0i δi

∂θi
∂t

∂φi

∂t
− h0i

2

4

γ M0i δi

∂θi
∂t

)
+

+sin2 θi

(
αi∆φi −

4

γ2M 2
0i δi

∂2φi

∂t2

)
− 2

γ M0i δi

∂h0i

∂t
sin2 θi = 0.

Çàóâàæèìî, ùî ç îãëÿäó íà ðiâíiñòü

2

γ M0i δi

∂h0i

∂t
cos θi sin θi cosφi (− sinφi)+

+
2

γ M0i δi

∂h0i

∂t
cos θi sin θi sinφi cosφi = 0,

ïåðøå ðiâíÿííÿ ñèñòåìè (2.10) íå çìiíèòüñÿ ïiñëÿ âðàõóâàííÿ äîäàíêó(
− 2

γM0i δi

((
∂h0i

∂t l⃗i

)
l⃗i

))
.

Ââåäåìî ïîçíà÷åííÿ äëÿ ωHi , ci òà ω0i :

ωHi = |γ|H0i =
|γ|M0i h0i

2
, h0i ≡

∣∣∣⃗hi

∣∣∣ = 2ωHi

|γ|M0i
, ci =

|γ|M0i

2

√
αi δi,

(ω0i)
2 =

c2i
αi

(
d2i
δi

+ βii

)
=

γ2M 2
0i δi

4

(
d2i
δi

+ βii

)
.

Òîäi (2.10) íàáóâà¹ âèãëÿäó

αi∆θi − αi

c2i

∂2θi
∂t2 + sin θi cos θi

(
−αi

(
∇⃗φi

)2
+ αi

c2i

(
∂φi

∂t

)2
+ αi

c2i
(ω0i)

2+

+ 2ωHi

|γ|M0i

(
4

|γ|M0i δi

∂φi

∂t + 1
δi

2ωHi

|γ|M0i

))
= 0,

2 sin θi cos θi

(
αi ∇⃗θi∇⃗φi − αi

c2i

∂θi
∂t

∂φi

∂t − ωHi

|γ|M0i

4
γM0i δi

∂θi
∂t

)
+

+sin2 θi

(
αi∆φi − αi

c2i

∂2φi

∂t2

)
− 2

γM0i δi
2

|γ|M0i

∂ωHi

∂t = 0.

Çäiéñíþþ÷è åëåìåíòàðíi ðiâíîñèëüíi ïåðåòâîðåííÿ îäåðæàíî¨ ñèñòåìè,

ïåðåïèñó¹ìî ¨¨ ó âèãëÿäi

c2i ∆θi − ∂2θi
∂t2 −

(
c2i

(
∇⃗φi

)2
−
(
∂φi

∂t + ωHi

)2
− ω2

0i

)
sin θi cos θi = 0,

c2i sin2 θi∆φi + c2i

(
∂φi

∂x
∂
∂x

(
sin2 θi

)
+ ∂φi

∂y
∂
∂y

(
sin2 θi

)
+ ∂φi

∂z
∂
∂z

(
sin2 θi

))
−

−
(
∂φi

∂t + ωHi

)
∂
∂t

(
sin2 θi

)
− sin2 θi

∂2φi

∂t2 − ∂ωHi

∂t = 0.
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Ïåðåòâîðþþ÷è äðóãå ðiâíÿííÿ îñòàííüî¨ ñèñòåìè, îäåðæó¹ìî ðiâíîñèëü-

íå ðiâíÿííÿ

c2i div
(
sin2 θi ∇⃗φi

)
− ∂

∂t

(
sin2 θi

(
∂φi

∂t
+ ωHi

))
− sin2 θi

∂ωHi

∂t
− ∂ωHi

∂t
= 0.

Îòæå, ÿê ìè áà÷èìî, ó çàãàëüíîìó âèïàäêó äðóãå ðiâíÿííÿ ìiñòèòü äîäà-

íîê, êðàòíèé ∂ωHi

∂t , ó òîé ÷àñ, ÿê ó ïîñòiéíîìó ìàãíiòíîìó ïîëi äàíèé äîäàíîê

òîòîæíî ðiâíèé íóëåâi.

ßêùî âðàõóâàòè äîäàíîê
(
− 2

γM0i δi

(
∂h⃗0i

∂t l⃗i

))
l⃗i ó äðó-

ãîìó ðiâíÿííi îòðèìàíî¨ ñèñòåìè çà óìîâè çìiííîãî

çà ÷àñîì ìàãíiòíîãî ïîëÿ, òî ïîòðiáíî çðîáèòè çàìiíó
∂ωHi

∂t → sin2 θi
∂ωHi

∂t , ïiñëÿ ÷îãî, âîíî íàáóäå âèãëÿäó

c2i div
(
sin2 θi ∇⃗φi

)
− ∂

∂t

(
sin2 θi

(
∂φi

∂t
+ ωHi

))
= 0.

Â ðåçóëüòàòi ç óðàõóâàííÿì ïåðøîãî ðiâíÿííÿ îòðèìó¹ìî ñèñòåìó ðiâíÿíü
c2i∆θi − ∂2θi

∂t2 −
(
c2i

(
∇⃗φi

)2
−
(
∂φi

∂t + ωHi

)2
− ω2

0i

)
sin θi cos θi = 0,

c2i div
(
sin2 θi ∇⃗φi

)
− ∂

∂t

(
sin2 θi

(
∂φi

∂t + ωHi

))
= 0,

äàëi âðàõîâóþ÷è çíàê âèðàçó

(ω0i)
2 =

(ci)
2

αi

(
(di)

2

δi
+ βii

)
òà ïåðåïîçíà÷åííÿ ωHi → −ωHi , ïåðåïèñó¹ìî ¨¨ ó åêâiâàëåíòíîìó âèãëÿäi

c2i ∆θi − ∂2θi
∂t2 −

(
c2i

(
∇⃗φi

)2
−
(
∂φi

∂t + ωHi

)2
−

−ω2
0i sgn

(
d2i
δi
+ βii

))
sin θi cos θi = 0,

c2i div
(
sin2 θi ∇⃗φi

)
− ∂

∂t

(
sin2 θi

(
∂φi

∂t − ωHi

))
= 0,

(2.11)

äå

d⃗i = die⃗z, ωHi = −|γ|H0i = − (|γi|M0i h0i) /2, ci =

(
|γi|M0i

2

)√
αiδi,

(ω0i)
2 =

c2i
αi

(
d2i
δi

+ βii

)
=

(γi)
2 (M0i)

2 δi
4

(
d2i
δi

+ βii

)
.
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Ïîðiâíÿ¹ìî îòðèìàíó ñèñòåìó ðiâíÿíü ç âèêîðèñòàíîþ ðàíiøå (äèâ. [7])

c2i∆θi − ∂2θi
∂t2 −

(
c2i

(
∇⃗φi

)2
−
(
∂φi

∂t + ωHi

)2
−

−ω2
0i sgn

(
d2i
δi
+ βii

))
sin θi cos θi = 0,

c2i div
(
sin2 θi ∇⃗φi

)
− ∂

∂t

(
sin2 θi

(
∂φi

∂t − ωHi

))
+ ∂ωH

∂t = 0,

(2.12)

äå ωHi = |γ|H0i = (|γ|M0i h0i) /2 , ci = (4µ0M0i/ℏ)
√
αiδi � õàðàêòåðíèé ïà-

ðàìåòð ÀÔÌ, ùî ìà¹ ðîçìiðíiñòü øâèäêîñòi (ò. ç. ¾ìàãíîííà ãðóïîâà øâèä-

êiñòü¿ � ìàêñèìàëüíà ãðóïîâà øâèäêiñòü ñïiíîâî¨ õâèëi, äèâ., íàïðèêëàä,

[11,71]), âåëè÷èíà

ω0i =
4µ0M0i

ℏ

√∣∣∣∣βii + d2i
δi

∣∣∣∣ δi,
ℏ � ïðèâåäåíà êîíñòàíòà Ïëàíêà.

Òàêèì ÷èíîì, îòðèìàíå ðiâíÿííÿ âiäðiçíÿ¹òüñÿ âiä âèâåäåíîãî i âèêîðè-

ñòàíîãî â [7] äëÿ âèïàäêó ïîñòiéíîãî ìàãíiòíîãî ïîëÿ äîäàíêîì ∂ωH

∂t ó äðóãî-

ìó ðiâíÿííi ñèñòåìè.

Äîìíîæèìî çíàéäåíó âèùå x -êîìïîíåíòó ðiâíÿííÿ íà cosφi , à y -

êîìïîíåíòó íà sinφi , äàëi, ïðîâåäåìî äîäàâàííÿ òàêèì ÷èíîì ïåðåòâîðåíèõ

ðiâíÿíü, îäåðæó¹ìî:(
αi

(
− sinφi∆θi − 2 cos2 θi cosφi ∇⃗θi∇⃗φi + sin θi sinφi cos θi

(
∇⃗φi

)2
−

− sin θi cosφi cos θi∆φi)−
4

γ2M 2
0i δi

(
− sinφi

∂2θi
∂t2

− 2 cos2 θi cosφi
∂θi
∂t

∂φi

∂t
+

+sin θi sinφi cos θi

(
∂φi

∂t

)2

− sin θi cosφi cos θi
∂2φi

∂t2

)
+

+h0i cos θi

(
4

γ M0i δi

(
cos θi cosφi

∂θi
∂t

− sin θi sinφi
∂φi

∂t

)
− 1

δi
h0i sin θi sinφi

)
−

− 1

δi
sin θi cos θi sinφi d

2
i − βii sin θi cos θi sinφi

)
cosφi+

+

(
αi

(
cosφi∆θi − 2 cos2 θi sinφi ∇⃗θi∇⃗φi − sin θi cosφi cos θi

(
∇⃗φi

)2
−
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− sin θi sinφi cos θi∆φi)−
4

γ2M 2
0i δi

(
cosφi

∂2θi
∂t2

− 2 cos2 θi sinφi
∂θi
∂t

∂φi

∂t
−

− sin θi cosφi cos θi

(
∂φi

∂t

)2

− sin θi sinφi cos θi
∂2φi

∂t2

)
+

+h0i cos θi

(
4

γ M0i δi

(
cos θi sinφi

∂θi
∂t

+ sin θi cosφi
∂φi

∂t

)
+

+
1

δi
h0i sin θi cosφi

)
+

+
1

δi
sin θi cos θi cosφi d

2
i + βii sin θi cos θi cosφi

)
sinφi = 0,

αi

(
−2 cos2 θi cos

2 φi ∇⃗θi ∇⃗φi − sin θi cos
2 φi∆φi

)
−

− 4

γ2M 2
0i δi

(
−2 cos2 θi cos

2 φi
∂θi
∂t

∂φi

∂t
− sin θi cos

2 φi
∂2φi

∂t2

)
+

+h0i cos θi
4

γ M0i δi
cos θi cos

2 φi
∂θi
∂t

+

+αi

(
−2 cos2 θi sin

2 φi ∇⃗θi ∇⃗φi − sin θi cos θi sin
2 φi∆φi

)
−

− 4

γ2M 2
0i δi

(
−2 cos2 θi sin

2 φi
∂θi
∂t

∂φi

∂t
− sin θi cos θi sin

2 φi
∂2φi

∂t2

)
+

+h0i cos θi
4

γ M0i δi
cos θi sin

2 φi
∂θi
∂t

= 0,

íàðåøòi, îñòàòî÷íî îäåðæó¹ìî ðiâíÿííÿ

αi

(
−2 cos2 θi ∇⃗θi ∇⃗φi − sin θi cos θi∆φi

)
−

− 4

γ2M 2
0i δi

(
−2 cos2 θi

∂θi
∂t

∂φi

∂t
− sin θi cos θi

∂2φi

∂t2

)
+

+h0i cos θi
4

γ M0i δi
cos θi

∂θi
∂t

= 0.

Ïîçíà÷èìî ωHi := |γ|H0i = (|γ|M0i h0i) /2 , ci := |γ|M0i

√
αiδi/2 , òîäi

h0i =
2ωHi

|γ|M0i
, ω2

0i =
(ci)

2

αi

(
(di)

2

δi
+ βii

)
=

γ2M 2
0i δi

4

(
(di)

2

δi
+ βii

)
.

Ç óðàõóâàííÿì öèõ çàìií çäiéñíþ¹ìî ïîñëiäîâíi ðiâíîñèëüíi ïåðåòâîðå-

ííÿ îñòàííüîãî ðiâíÿííÿ

−2αi cos
2θi ∇⃗θi ∇⃗φi − αi sin θi sin θi∆φi−
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− αi

(ci)2

(
−2 cos2 θi

∂θi
∂t

∂φi

∂t
− sin θi cos θi

∂2φi

∂t2

)
+

2ωHi

|γ|M0i

4

γ M0i δi
cos θi

∂θi
∂t

= 0,

−2αi cos
2θi ∇⃗θi ∇⃗φi − αi sin θi sin θi∆φi−

− αi

(ci)2

(
−2 cos2 θi

∂θi
∂t

∂φi

∂t
− sin θi cos θi

∂2φi

∂t2

)
+ 2ωHi

αi

(ci)2
cos θi

∂θi
∂t

= 0,

−2(ci)
2 cos2θi ∇⃗θi ∇⃗φi − (ci)

2 sin θi sin θi∆φi−

−
(
−2 cos2 θi

∂θi
∂t

∂φi

∂t
− sin θi cos θi

∂2φi

∂t2

)
+ 2ωHi cos θi

∂θi
∂t

= 0,

−2(ci)
2 cos2 θi ∇⃗θi ∇⃗φi − (ci)

2 sin θi cos θi∆φi + 2 cos2 θi
∂θi
∂t

∂φi

∂t
+

+sin θi cos θi
∂2φ

∂t2
+ 2ωHi cos θi

∂θi
∂t

= 0,

2 cos2 θi

(
−(ci)

2∇⃗θi ∇⃗φi +
∂θi
∂t

∂φi

∂t

)
+

+sin θi cos θi

(
−(ci)

2∆φi +
∂2φi

∂t2

)
+ 2ωHi cos θi

∂θi
∂t

= 0.

Òàêèì ÷èíîì, ïîâíà ñèñòåìà ðiâíÿíü íàáóâà¹ âèãëÿäó

(ci)
2∆θi − ∂2θi

∂t2 −

−
(
(ci)

2
(
∇⃗φi

)2
−
(
∂φi

∂t + ωHi

)2
−
∣∣ω2

0i

∣∣ sgn
(
d2i
δi
+ βii

))
sin θi cos θi = 0,

(ci)
2 div

(
sin2 θi ∇⃗φi

)
− ∂

∂t

(
sin2 θi

(
∂φi

∂t − ωHi

))
= 0,

2 cos2 θi

(
−(ci)

2∇⃗θi ∇⃗φi +
∂θi
∂t

∂φi

∂t

)
+ sin θi cos θi

(
−(ci)

2∆φi +
∂2φi

∂t2

)
+

+2ωHi cos θi
∂θi
∂t = 0.

Ðîçâ'ÿçêîì ñèñòåìè (2.12) çà óìîâè βii + d2i/δi < 0 , vi < c , àáî çà óìîâè

βii + d2i/δi > 0 , vi > c (vi � øâèäêiñòü ñïiíîâî¨ õâèëi) ¹, çîêðåìà, ïàðè

(θi, φi) , ÿêi çàäîâîëüíÿþòü íàñòóïíi ñïiââiäíîøåííÿ (äèâ. [7, 10,11]):

cos θi = sn

(
Zi + ni ln

|r⃗i|
R1i

+ C2i

k2i
, k2i

)
, (2.13)

φi = niαi + α0i,

äå

r⃗i =
1

l0i

(
x

y

)
, Zi =

z − vit

l0i

√
1− v2i

c2i

ïðè vi < ci, Zi =
z − vit

l0i

√
v2i
c2 − 1

ïðè vi > ci,
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ni � äîâiëüíå öiëå ÷èñëî, α0i òà C2i � äîâiëüíi (äiéñíi) ñòàëi, R1i � äîâiëü-

íà êîíñòàíòà, ùî ìà¹ ñåíñ õàðàêòåðíîãî ìàñøòàáó çàäà÷i (â îäèíèöÿõ l0i ),

k2i = 1/
√
1 + 4Ci (Ci > 0 � äîâiëüíà äîäàòíà êîíñòàíòà) � ìîäóëü åëiïòè-

÷íî¨ ôóíêöi¨ ßêîái, l0i = ci
ω0i

=

√
αi

(∣∣∣βii + d2i
δi

∣∣∣)−1

� õàðàêòåðíi äîâæèíè.

Êîíñòàíòè R1i òà C2i , î÷åâèäíî, ìîæóòü áóòè îá'¹äíàíi, òàê ùî

cos θi = sn

Zi + ni ln
(

|r⃗i|
R1i

)
+ ni ln

(
exp

(
C2i

n

))
k2i

, k2i

 ,

òîìó

cos θi = sn

(
Zi + ni ln

|r⃗i|
Ri

k2i
, k2i

)
, Ri =

R1i

exp
(
C2i

ni

) . (2.14)

Äëÿ çíàõîäæåííÿ óñiõ ðîçâ'ÿçêiâ ñèñòåìè (2.12) ó çàãàëüíîìó âèïàäêó

ââåäåìî öèëiíäðè÷íó ñèñòåìó êîîðäèíàò (r, θ, z) , âiñü Oz ÿêî¨, ÿê i äëÿ âè-

êîðèñòàíî¨ ðàíiøå äåêàðòîâî¨ ñèñòåìè, ñïðÿìîâàíà óçäîâæ ñïiëüíî¨ îñi ìàãíi-

òíî¨ àíiçîòðîïi¨ äâîõ ÀÔÌ.

Âiäîìà ñèñòåìà ðiâíÿíü (äèâ., íàïðèêëàä, [24]) äëÿ ñïiíîâèõ õâèëü â

îäíîîñüîâîìó ôåðîìàãíåòèêó ç ïàðàìåòðàìè α1 (íåîäíîðiäíà îáìiííà êîí-

ñòàíòà), δ (êîíñòàíòà åíåðãi¨ îäíîðiäíîãî îáìiíó) òà β1 (êîíñòàíòà àíiçîòðî-

ïi¨):
c2∆θL − ∂2θL

∂t2 −

−
((

|γ|H0 − ∂φL

∂t

)2
− c2

(
∇⃗φL

)2
− ω2

0 sgn β1

)
sin θL cos θL = 0,

c2 div
(
sin2 θL ∇⃗φL

)
= ∂

∂t

(
sin2 θL

(
|γ|H0 +

∂φL

∂t

))
,

(2.15)

äå c = (4µ0M0/ℏ)
√
α1δ , ω0 = (4µ0M0/ℏ)

√
|β1|δ , â àíàëîãi÷íié ìîäåëi ç ïî-

çíà÷åííÿìè 
lx = sin θL cosφL,

ly = sin θL sinφL,

lz = cos θL

ïðè ∂ωH

∂t = 0 , âiäðiçíÿ¹òüñÿ âiä (2.12) òiëüêè çàìiíîþ β1 → βii +
d2i
δi
, ùî

âðàõîâó¹ âçà¹ìîäiþ Äçÿëîøèíñüêîãî�Ìîði¨, à òàêîæ âiäïîâiíèìè iíäåêñàìè

i = 1, 2 , äëÿ êîæíîãî ÀÔÌ.
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Öÿ ñèñòåìà ðîçâ'ÿçó¹òüñÿ àíàëîãi÷íî äî òîãî, ÿê öå áóëî çðîáëåíî ó [26].

Òîìó, çäiéñíþþ÷è ïåðåõiä âiä îäíîãî ÀÔÌ äî äîñëiäæóâàíî¨ ñèñòåìè ç äâîìà

ÀÔÌ, çàìiíþþ÷è β1 → βii + d2i/δi , äîäàþ÷è íåîáõiäíi íèæíi iíäåêñè i , òà

îáèðàþ÷è çíàê ïëþñ, ðîçâ'ÿçîê ñèñòåìè (2.12) (äèâ., [26] òà äîäàòîê C äëÿ

âèïàäêó îäíi¹¨ îñîáëèâî¨ òî÷êè òà C > 0 ) íàáóâà¹ âèãëÿäó:
cos θi = sn

(
Zi+ni ln(|r⃗i|)+C2i

k2i
, k2i

)
,

φi = ωHi t+ niαi + C3i,

(2.16)

äå îäíî÷àñíî βii + d2i/δi < 0 , vi < ci àáî βii + d2i/δi > 0 , vi > ci .

Çîêðåìà, çà âiäñóòíîñòi çîâíiøíüîãî ìàãíiòíîãî ïîëÿ H0i = 0 ïðè

ni = 1 , C3i = π/2 (äëÿ îáîõ ÀÔÌ), ïiñëÿ ïåðåïîçíà÷åííÿ Ri = exp{−C2i}
çàçíà÷åíèé ðîçâ'ÿçîê íàáóâà¹ íàñòóïíîãî âèãëÿäó:

cos θi = sn

(
Zi+ln

|r⃗i|
Ri

k2i
, k2i

)
,

φi = αi +
π
2 ,

Çàóâàæèìî, ùî ñòàëà k1 ó íàâåäåíèé âèùå ðîçâ'ÿçîê íå âõîäèòü, òîìó

äëÿ çðó÷íîñòi çàïèñó ïåðåïîçíà÷èìî k2i → ki .

Îòæå, íàñ öiêàâèòü ðîçâ'ÿçîê ñèñòåìè (2.11) (çáiãà¹òüñÿ ç ðîçâ'ÿçîê ñè-

ñòåìè (2.12) çà âèïàäêó âiäñóòíîñòi çîâíiøíüîãî ìàãíiòíîãî ïîëÿ), âèãëÿäó
cos θi = sn

(
Zi+ln

|r⃗i|
Ri

ki
, ki

)
,

φi = αi +
π
2 ,

(2.17)

äå ki > 0 .

2.3 Ñïåêòð íåëiíiéíèõ ñïiíîâèõ õâèëü â àíòèôåðîìàãíiòíîìó

ìàãíîííîìó êðèñòàëi

2.3.1 Ãðàíè÷íà óìîâà âiäíîñíî âåêòîðà àíòèôåðîìàãíåòèçìó

äëÿ ðîçâ'ÿçêó (2.17) ñèñòåìè Ëàíäàó�Ëiôøèöÿ

Äëÿ ïîäàëüøîãî îïèñó ïîøèðåííÿ ñïiíîâèõ õâèëü ó äîñëiäæóâàíié ñè-

ñòåìi çàñòîñó¹ìî öèëiíäðè÷íó ñèñòåìó êîîðäèíàò (ρ, α, z) ç ôîðìóëàìè ïå-
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ðåõîäó äî äåêàðòîâèõ 
x = ρ cosα,

y = ρ sinα,

z = z,

òàê ùî âiäïîâiäíi êîîðäèíàòíi îðòè ìàòèìóòü âèãëÿä,{
e⃗ρ = e⃗x cosα + e⃗y sinα,

e⃗α = −e⃗x sinα + e⃗y cosα
(2.18)

ïðè öüîìó, î÷åâèäíî, ìà¹ ìiñöå ìàëþíîê

Ðèñ. 2.3:

Äîñëiäèìî ïåðøó ç ãðàíè÷íèõ óìîâ (2.3) ó çàçíà÷åíié öèëiíäðè÷íié ñè-

ñòåìi êîîðäèíàò, ÿêà ¹ ¹äèíîþ ãðàíè÷íîþ óìîâîþ äëÿ âèïàäêó äîâãîõâèëüîâå

íàáëèæåííÿ (äèâ. óìîâè îäåðæàííÿ ãðàíè÷íèõ ðiâíîñòåé (1.34)).

Âåêòîðíèé äîáóòîê
[⃗
l1 × l⃗2

]
ó äåêàðòîâié ñèñòåìi êîîðäèíàò ìà¹ âèãëÿä

[⃗
l1 × l⃗2

]
=


l1y l2z − l2y l1z

l1z l2x − l2z l1x

l1x l2y − l2x l1y,


àáî, ïiñëÿ ïåðåõîäó äî àçèìóòàëüíîãî òà ïîëÿðíîãî êóòiâ áåçðîçìiðíîãî âå-

êòîðó àíòèôåðîìàãíåòèçìó çãiäíî (2.4), ìà¹ìî

[⃗
l1 × l⃗2

]
=


sin θ1 sinφ1 cos θ2 − cos θ1 sin θ2 cosφ2

cos θ1 sin θ2 cosφ2 − sin θ1 cosφ1 cos θ2

sin θ1 cosφ1 sin θ2 sinφ2 − sin θ1 sinφ1 sin θ2 cosφ2

 .
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Ó ââåäåíèõ âèùå öèëiíäðè÷íèõ êîîðäèíàòàõ (ρ, α, z) â ñèëó (2.18) ìà¹ìî

[⃗
l1 × l⃗2

]
ρ
= (sin θ1 sinφ1 cos θ2 − cos θ1 sin θ2 cosφ2) cosα+

+(cos θ1 sin θ2 cosφ2 − sin θ1 cosφ1 cos θ2) sinα,[⃗
l1 × l⃗2

]
α
= − (sin θ1 sinφ1 cos θ2 − cos θ1 sin θ2 cosφ2) sinα+

+(cos θ1 sin θ2 cosφ2 − sin θ1 cosφ1 cos θ2) cosα,[⃗
l1 × l⃗2

]
z
= sin θ1 cosφ1 sin θ2 sinφ2 − sin θ1 sinφ1 sin θ2 cosφ2.

(2.19)

Îñêiëüêè äëÿ ðîçâ'ÿçêó (2.17) âèêîíóþòüñÿ ðiâíîñòi

cosφ1 = cosφ2 = − sinα, sinφ1 = sinφ2 = cosα,

òî âèðàçè äëÿ êîìïîíåíò âåêòîðíîãî äîáóòêó (2.19) ñïðîùóþòüñÿ íàñòóïíèì

÷èíîì: [⃗
l1 × l⃗2

]
ρ
= (sin θ1 cosα cos θ2 − cos θ1 sin θ2 cosα) cosα+

+(− cos θ1 sin θ2 sinα + sin θ1 sinα cos θ2) sinα =

= (sin θ1 cos θ2 − cos θ1 sin θ2) cos
2 α+

+(− cos θ1 sin θ2 + sin θ1 cos θ2) sin
2 α = − cos θ1 sin θ2 + sin θ1 cos θ2,[⃗

l1 × l⃗2

]
α
= − (sin θ1 cosα cos θ2 − cos θ1 sin θ2 cosα) sinα+

+(− cos θ1 sin θ2 sinα + sin θ1 sinα cos θ2) cosα =

= − (sin θ1 cos θ2 − cos θ1 sin θ2) sinα cosα+

+(sin θ1 cos θ2 − cos θ1 sin θ2) sinα cosα ≡ 0,[⃗
l1 × l⃗2

]
z
= − sin θ1 sinα sin θ2 cosα + sin θ1 cosα sin θ2 sinα ≡ 0.

Òàêèì ÷èíîì, óìîâà
[⃗
l1 × l⃗2

]∣∣∣
z=NL

= 0 äëÿ ðîçâ'ÿçêó âèãëÿäó (2.17)

çâîäèòüñÿ äî ñïiââiäíîøåííÿ

(cos θ1 sin θ2 − sin θ1 cos θ2)

∣∣∣∣
z=NL

= 0,

òîáòî (
−sn

(
Z1 + ln |r⃗1|

R1

k1
, k1

)
cn

(
Z2 + ln |r⃗2|

R2

k2
, k2

)
+
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+ cn

(
Z1 + ln |r⃗1|

R1

k1
, k1

)
sn

(
Z2 + ln |r⃗2|

R2

k2
, k2

)∣∣∣∣∣
z=NL

= 0. (2.20)

Ïðè âèâåäåííi ðiâíîñòi (2.20), âðàõîâàíî òîé ôàêò, ùî ç ðiâíîñòåé

cos θi = sn

(
Zi + ln |r⃗i|

Ri

ki
, ki

)
= sin

(
am

(
Zi + ln |r⃗i|

Ri

ki
, ki

))
=

= cos

(
am

(
Zi + ln |r⃗i|

Ri

ki
, ki

)
− π

2

)
âèïëèâà¹

sin θi = −cn

(
Zi + ln |r⃗i|

Ri

ki
, ki

)
.

2.3.2 Âèïàäîê äîêðèòè÷íîãî ïîøèðåííÿ õâèëi íàìàãíi÷åíîñòi

â îáîõ ÀÔÌ

Çóïèíèìîñü íà âèïàäêó äîêðèòè÷íîãî ïîøèðåííÿ õâèëi íàìàãíi÷åíîñòi

â îáîõ àíòèôåðîìàãíåòèêàõ, òîáòî âèïàäêó ðîçâ'ÿçêó (2.17) ïðè

βii + d2i/δi < 0, vi < ci, Zi =
z − vi t

l0i
√

1− (v2i /c
2
i )
. (2.21)

Òîäi ðiâíiñòü (2.20) íàáóâà¹ âèãëÿäó

−sn

 NL− v1t

l01k1

√
1− v21

c21

+
1

k1
ln

ρ

l01R1
, k1

 cn

 NL− v2t

l02k2

√
1− v22

c22

+
1

k2
ln

ρ

l02R2
, k2

+

+cn

 NL− v1t

l01k1

√
1− v21

c21

+
1

k1
ln

ρ

l01R1
, k1

×

×sn

 NL− v2t

l02k2

√
1− v22

c22

+
1

k2
ln

ρ

l02R2
, k2

 = 0. (2.22)

Îñêiëüêè öÿ ðiâíiñòü âèêîíó¹òüñÿ ïðè áóäü-ÿêèõ çíà÷åííÿõ ρ , t , òî ç íå¨

âèïëèâàþòü, çîêðåìà, ñïiââiäíîøåííÿ k1 = k2 = k ,

v1

l01 k1

√
1− v21

c21

=
v2

l02 k2

√
1− v22

c22

,
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àáî ç óðàõóâàííÿì k1 = k2 = k :

v1

l01

√
1− v21

c21

=
v2

l02

√
1− v22

c22

.

Ïðè âèêîíàííi çàçíà÷åíèõ óìîâ, ðiâíiñòü (2.22) ñïðàâäæó¹òüñÿ çà âèïàä-

êó ðiâíîñòi àðãóìåíòiâ âiäïîâiäíèõ ôóíêöié ç òî÷íiñòþ äî ¨õ ïåðiîäó, òîáòî

NL

l01k
√

1− v21
c21

− 1

k
ln

ρ

l01R1
=

NL

l02k
√

1− v22
c22

− 1

k
ln

ρ

l02R2
+ 4K(k)M,

äå K(k) � ïîâíèé åëiïòè÷íèé iíòåãðàë 1-ãî ðîäó

K(k) =

π
2∫

0

dξ√
1− k2 sin2 ξ

,

M � äîâiëüíå öiëå ÷èñëî, l01R1 òà l02R2 ïðè îáåçðîçìiðþâàííi ìàþòü áó-

òè âiäíîðìîâàíi íà îäíàêîâå ðåïåðíå çíà÷åííÿ, òîáòî îñòàííié âèðàç, ñòðîãî

êàæó÷è, ìà¹ âèãëÿä

NL

l01 k
√
1− v21

c21

− 1

k
ln

l01R1

l02R2
=

NL

l02 k
√

1− v22
c22

+ 4K(k)M.

Îñêiëüêè îñòàíí¹ ñïiââiäíîøåííÿ âèêîíó¹òüñÿ â òîìó ÷èñëi ïðè

N = M = 0 , ç íüîãî âèïëèâà¹, çîêðåìà, ln l01R1

l02 R2
= 0 , òîáòî l01R1 = l02R2 .

Òàêèì ÷èíîì, ãðàíè÷íà óìîâà
[⃗
l1 × l⃗2

]∣∣∣
z=NL

= 0 çâîäèòüñÿ äî íàñòóïíî¨

ñóêóïíîñòi óìîâ:

k1 = k2 = k,
v1

l01

√
1−v21

c21

= v2

l02

√
1−v22

c22

,

l01R1 = l02R2,

NL

 1

l01

√
1− v21

c21

− 1

l02

√
1−v22

c22

 = 4kK(k)M.

(2.23)

Ðîçãëÿíåìî òåïåð äðóãó òà òðåòþ óìîâó (2.3), òîáòî,
[⃗
li × l⃗i

∂z

]∣∣∣
z=NL

= 0 ,

i = 1, 2 . Àíàëîãi÷íî äî ïîïåðåäíüî¨ óìîâè âèêîðèñòà¹ìî öèëiíäðè÷íó ñèñòåìó

êîîðäèíàò (ρ, α, z) . Ç óðàõóâàííÿì (2.4) îäåðæó¹ìî ðiâíîñòi

∂lix
∂z

= cos θi cosφi
∂θi
∂z

,
∂liy
∂z

= cos θi sinφi
∂θi
∂z

,
∂liz
∂z

= − sin θi
∂θi
∂z



74

(ïðè îáðàõóíêó äàíèõ âèðàçiâ âèêîðèñòàíî òîé ôàêò, ùî äëÿ ðîçâ'ÿçêó âè-

ãëÿäó (2.17) âèêîíó¹òüñÿ óìîâà ∂φi

∂z = 0 ), òîìó ðiâíiñòü

[
l⃗i ×

∂l⃗i
∂z

]
=


liy

∂liz
∂z − liz

∂liy
∂z

liz
∂lix
∂z − lix

∂liz
∂z

lix
∂liy
∂z − liy

∂lix
∂z


ó ââåäåíèõ âèùå öèëiíäðè÷íèõ êîîðäèíàòàõ ïåðåïèøåòüñÿ ó ïîêîìïîíåíòíî-

ìó âèãëÿäi ÿê òàêi òðè ðiâíÿííÿ[
l⃗i ×

∂l⃗i
∂z

]
ρ

= sin (α− φi)
∂θi
∂z

,

[
l⃗i ×

∂l⃗i
∂z

]
α

= cos (α− φi)
∂θi
∂z

,

[
l⃗i ×

∂l⃗i
∂z

]
z

= 0.

Òàêèì ÷èíîì, ç óìîâ[
l⃗i ×

∂l⃗i
∂z

]∣∣∣∣∣
z=NL

= 0, i = 1, 2,

âèïëèâàþòü ðiâíîñòi[
l⃗i ×

∂l⃗i
∂z

]
ρ

= sin (α− φi)
∂θi
∂z

≡ 0,

[
l⃗i ×

∂l⃗i
∂z

]
α

= cos (α− φi)
∂θi
∂z

≡ 0,

ç ÿêèõ, âðàõîâóþ÷è, ùî sin (α− φi) i cos (α− φi) íå ìîæóòü îäíî÷àñíî äî-

ðiâíþâàòè íóëþ, ÿê íàñëiäîê îäåðæó¹ìî

∂θi
∂z

∣∣∣∣
z=NL

= 0, i = 1, 2.

Ãðàíè÷íi ðiâíîñòi äëÿ ðîçâ'ÿçêó âèãëÿäó (2.17) ðiâíîñèëüíi ñïiââiäíîøåííÿì(
∂

∂z
am

(
Zi + ln |r⃗i|

Ri

ki
, ki

))∣∣∣∣∣
z=NL

= 0, i = 1, 2.

Ç âëàñòèâîñòåé åëiïòè÷íî¨ ôóíêöi¨ ßêîái am(A, ki)ßêîái ïðèõîäèìî äî

âèñíîâêó, ùî äàíå ñïiââiäíîøåííÿ âèêîíóâàòèñü íå ìîæå. Ñïðàâäi, ïðè C > 0

ç óðàõóâàííÿì ki =
1√

1+4C
∈ (0, 1) îäåðæó¹ìî, ùî çàëåæíiñòü am (A, ki) âiä
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Ðèñ. 2.4: Ãðàôiê åëiïòè÷íî¨ ôóíêöi¨ ßêîái am(A, ki) , 0 ≤ ki ≤ 1 , −5 ≤ A ≤ 5

ïåðøîãî àðãóìåíòó A ¹ ìîíîòîííîþ äëÿ âñiõ ki ∈ (0, 1) , i = 1, 2 . Òàêèì

÷èíîì, âèïàäîê, ùî âiäïîâiäà¹ ñèñòåìi óìîâ (2.3), ðåàëiçóâàòèñü íå ìîæå.

Ðîçãëÿíåìî âèïàäîê alm = aml = 0 � àáî, ñòðîãî êàæó÷è, �

alm ≈ aml ≪ min (all M01/M02, all M02/M01) ,

òàê ùî ìîæíà ââàæàòè, ùî ïåðøi äâi óìîâè (2.1) âèêîíóþòüñÿ (âåëè÷èíè

aml

[⃗
l2 × l⃗1

]∣∣∣
z=NL

= 0 òà alm

[⃗
l2 × l⃗1

]∣∣∣
z=NL

= 0 , îñêiëüêè ¹ íåõòîâíî ìàëèìè

ïîðiâíÿíî ç iíøèìè âåëè÷èíàìè, ùî âõîäÿòü ó (2.1) òà ìiñòÿòü âåêòîðíèé

äîáóòîê
[⃗
l2 × l⃗1

]
, à ñàìå:

(M02/M01) all

[⃗
l2 × l⃗1

]∣∣∣
z=NL

òà (M01/M02) all

[⃗
l2 × l⃗1

]∣∣∣
z=NL

)
.

Îñêiëüêè, ÿê áóëî ïîêàçàíî âèùå, äëÿ ðîçâ'ÿçêó âèãëÿäó (2.17) â öèëií-

äðè÷íié ñèñòåìi êîîðäèíàò (ρ, α, z) âèêîíóþòüñÿ ðiâíîñòi[
l⃗i ×

∂l⃗i
∂z

]
= −∂θi

∂z
e⃗ρ,
[⃗
l2 × l⃗1

]
= (− cos θ1 sin θ2 + sin θ1 cos θ2) e⃗ρ =

= − sin (θ2 − θ1) e⃗ρ,

òî òðåòÿ òà ÷åòâåðòà óìîâè ñèñòåìè (2.1) ïåðåïèøóòüñÿ ó âèãëÿäi

(
M02

M01
all sin (θ2 − θ1)− 4α1

∂θ1
∂z

)∣∣∣∣∣
z=NL

= 0,

(
M01

M02
all sin (θ2 − θ1)− 4α2

∂θ2
∂z

)∣∣∣∣∣
z=NL

= 0.

(2.24)
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Öi óìîâè íå ìîæóòü áóòè çàäîâîëüíÿòèñÿ äëÿ íåëiíiéíî¨ ñïiíîâî¨ õâèëi.

Çàãàëüíi ãðàíè÷íi óìîâè äëÿ ñiãìà ìîäåëi ìîæóòü ìàòè îäèí ç òðüîõ

íàñòóïíèõ âèãëÿäiâ

(
M01

M02
all sin (θ2 − θ1)− 4α1

(
M01

M02

)2
∂θ1
∂z

)∣∣∣∣∣
z=NL

= 0,

(
M01

M02
all sin (θ2 − θ1)− 4α2

∂θ2
∂z

)∣∣∣∣∣
z=NL

= 0,



(
M01

M02
all sin (θ2 − θ1)− 4α1

(
M01

M02

)2
∂θ1
∂z

)∣∣∣∣∣
z=NL

= 0,

((
M01

M02

)2
∂θ1
∂z − α2

∂θ2
∂z

)∣∣∣∣∣
z=NL

= 0,
sin(θ2 − θ1)

∣∣∣∣∣
z=NL

= 4α1

all
M01

M02

(
∂θ1
∂z

)∣∣∣∣∣
z=NL

,

((
M01

M02

)2
∂θ1
∂z − α2

∂θ2
∂z

)∣∣∣∣∣
z=NL

= 0.

Çâiäñè ðîáèìî âèñíîâîê, ùî äëÿ ðîçâ'ÿçêó âèãëÿäó (2.16) ìîæå áóòè

ðåàëiçîâàíèé ëèøå îñòàííié âàðiàíò � êîëè äëÿ äîñëiäæóâàíî¨ ñïiíîâî¨ õâèëi

âèêîíó¹òüñÿ äîâãîõâèëüîâå íàáëèæåííÿ: äîâæèíà ñïiíîâî¨ õâèëi λSW , ÿêà

çáóäæó¹òüñÿ ó äîñëiäæóâàíié ñèñòåìi, íàáàãàòî ïåðåâèùó¹ îáèäâà ïàðàìåòðè

ïàðè àíòèôåðîìàãíåòèêiâ

α1

αll
=

α1

A11 − A12 − A21 + A22
,
α2

αll
=

α2

A11 − A12 − A21 + A22
,

ùî ìàþòü ðîçìiðíiñòü äîâæèíè � òî÷íiøå, îáèäâi âåëè÷èíè αi/λSW ìàþòü

áóòè íàáàãàòî ìåíøèìè çà min {all M01/M02, all M02/M01} (äëÿ òèïîâèõ çíà-

÷åíü α1,2 ∽ 10−12 ñì−2 , λSW ∽ 10−6 ñì ïðè M01 ∽ M02 çâiäñè âèïëèâà¹, ùî

all ≫ 10−6 ñì, ùî âiäïîâiäà¹ õàðàêòåðíèì çíà÷åííÿì öüîãî ïàðàìåòðó äëÿ

òèïîâèõ ïàð àíòèôåðîìàãíåòèêiâ). Â òàêîìó âèïàäêó, ÿê áóëî çàçíà÷åíî âè-

ùå, ìîæíà çàñòîñîâóâàòè óìîâó (1.34), ÿêà äëÿ äîñëiäæóâàíîãî ìàãíîííîãî

êðèñòàëó íàáóâà¹ âèãëÿäó [⃗
l1 × l⃗2

]∣∣∣
z=NL

= 0. (2.25)



77

ßê áóëî çàçíà÷åíî âèùå, äëÿ äîñëiäæóâàíîãî ðîçâ'ÿçêó óìîâà (2.25) åêâi-

âàëåíòíà ñèñòåìi óìîâ (2.23).

Ïðè öüîìó ç óìîâ ïåðiîäè÷íîñòi õâèëi óçäîâæ îñi Oz , ïåðiîäè÷íîñòi

åëiïòè÷íèõ ôóíêöié ßêîái òà ðiâíîñòi k1 = k2 = k âèïëèâàþòü ðiâíîñòi

λ
(i)
SW = 4K(k) k l0i

√
1− v2i

c2i
, (2.26)

ùî ïðè M01 ∽ M02 äîçâîëÿ¹ ïåðåïèñàòè óìîâó çàñòîñîâíîñòi äîâãîõâèëüîâîãî

íàáëèæåííÿ ó âèãëÿäi αi/all ≪ λ
(i)
SW , òîáòî

4kK(k) alll0i
αi

√
1− v2i

c2i
≫ 1. (2.27)

Îñêiëüêè K(k) → ∞ ïðè k → 1 , ïðè áóäü-ÿêèõ çíà÷åííÿõ ïàðàìåòðiâ

ÀÔÌ iñíó¹ òàêå çíà÷åííÿ k (äîñòàòíüî áëèçüêå äî îäèíèöi), ïî÷èíàþ÷è ç ÿêî-

ãî óìîâà (2.27) âèêîíó¹òüñÿ äëÿ îáîõ ÀÔÌ � à îòæå, ìîæå áóòè çàñòîñîâàíå

âèêîðèñòàíå â äàíîìó ïiäðîçäiëi äîâãîõâèëüîâå íàáëèæåííÿ.

Äîñëiäèìî ñèñòåìó óìîâ (2.23), ùî âèêîíó¹òüñÿ äëÿ äîñëiäæóâàíîãî

ðîçâ'ÿçêó ó äîâãîõâèëüîâîìó íàáëèæåííi. Ïiñëÿ ïiäíåñåííÿ îáîõ ÷àñòèí äðó-

ãîãî ðiâíÿííÿ äî êâàäðàòó òà ïåðåòâîðåíü, îäåðæó¹ìî

v22 =
v21 l

2
02

v21

(
l202
c22

− l201
c21

)
+ l201

. (2.28)

Ïiäñòàâëÿþ÷è îòðèìàíèé âèùå âèðàç äëÿ â ÷åòâåðòå ðiâíÿííÿ ñèñòåìè

(2.23) ïðè N = M , îòðèìó¹ìî ïîñëiäîâíi ïåðåòâîðåííÿ

L


1

l01

√
1− v21

c21

− 1

l02

√√√√√1− 1
c22

 v21 (l02)
2

v21

(
(l02)

2

c22
− (l01)

2

c21

)
+(l01)2




= 4kK(k),

 1

l01

√
1− v21

c21

−

√
v21

(
(l02)2

c22
− (l01)2

c21

)
+ (l01)2

l02

√
v21

(
(l02)2

c22
− (l01)2

c21

)
+ (l01)2 − v21

c22
(l02)2

 =
4kK(k)

L
,
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1

l01

√
1− v21

c21

−

√
v21

(
(l02)2

c22
− (l01)2

c21

)
+ (l01)2

l01 l02

√
1− v21

c21

=
4kK(k)

L
,

1

l01

√
1− v21

c21

1−

√
v21

(
(l02)2

c22
− (l01)2

c21

)
+ (l01)2

l02

 =
4kK(k)

L
,

l02 −

√
v21

(
(l02)2

c22
− (l01)2

c21

)
+ (l01)2 =

4kK(k)

L
l01 l02

√
1− v21

c21
,

(l02)
2 + v21

(
(l02)

2

c22
− (l01)

2

c21

)
+ (l01)

2−

−2l02

√
v21

(
(l02)2

c22
− (l01)2

c21

)
+ (l01)2 =

=

(
4kK(k)

L
l01 l02

)2(
1− v21

c21

)
,

(l02)
2 + v21

(
(l02)

2

c22
− (l01)

2

c21

)
+ (l01)

2 −
(
4kK(k)

L
l01 l02

)2(
1− v21

c21

)
=

= 2l02

√
v21

(
(l02)2

c22
− (l01)2

c21

)
+ (l01)2,

(l02)
2 + v21

(
(l02)

2

c22
− (l01)

2

c21
+

(
4kK(k)

L

l01 l02
c1

)2
)
+

+(l01)
2 −

(
4kK(k)

L
l01 l02

)2

= 2l02

√
v21

(
(l02)2

c22
− (l01)2

c21

)
+ (l01)2.

Ïîçíà÷èìî

k∗ := (l02)
2/c22−(l01)

2/c21, A0 :=
4kK(k)

L
l01l02, A

2
1 := (l01)

2+(l02)
2−A2

0. (2.29)

Òîäi îñòàííÿ ðiâíiñòü ïåðåïèøåòüñÿ ó âèãëÿäi

A2
1 + v21

(
k∗ +

A2
0

c21

)
= 2l02

√
v21 k∗ + (l01)2,
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ïiäíîñèìî äàëi ¨¨ ïî÷ëåííî äî êâàäðàòó òà ïåðåòâîðþ¹ìî, ÿê íàñëiäîê, îäåð-

æó¹ìî

v41

(
k∗ +

A2
0

c21

)2

+ v21

(
2A2

1v
2
1

(
k∗ +

A2
0

c21

)
− 4(l02)

2k∗

)
+
(
A4

1 − 4(l02)
2(l201)

)
= 0.

Îòðèìàíå áiêâàäðàòíå (âiäíîñíî v21 ) ðiâíÿííÿ ìà¹ íàñòóïíi ðîçâ'ÿçêè:

v21 =
−
(
2A2

1

(
k∗ +

A2
0

c21

)
− 4(l02)

2k∗

)
2
(
k∗ +

A2
0

c21

)2 ±

±

√(
2A2

1

(
k∗ +

A2
0

c21

)
− 4(l02)2k∗

)2
− 4

(
k∗ +

A2
0

c21

)
(A4

1 − 4(l02)2(l01)2)

2
(
k∗ +

A2
0

c21

)2 ,

àáî, ïiñëÿ ñïðîùåííÿ òà âðàõîâóþ÷è îçíà÷åííÿ k∗ òà A1 , îäåðæó¹ìî

v21 =
−
(
A2

1

(
k∗ +

A2
0

c21

)
− 2(l02)

2k∗

)
(
k∗ +

A2
0

c21

)2 ±

±

√(
A2

1

(
k∗ +

A2
0

c21

)
− 2(l02)2k∗

)2
−
(
k∗ +

A2
0

c21

)
(A4

1 − 4(l02)2(l01)2)(
k∗ +

A2
0

c21

)2 ,

(
v1
c1

)2

=

=

−

((
(l01)

2 + (l02)
2 − A2

0

)(
(l02)

2

c22
− (l01)

2

c21
+ A2

0

c21

)
− 2(l02)

2
(
(l02)

2

c22
− (l01)

2

c21

))
c21

(
(l02)2

c22
− (l01)2

c21
+ A2

0

c21

)2 ±

±
√
F1

c21

(
(l02)2

c22
− (l01)2

c21
+ A2

0

c21

)2 ,
(2.30)

äå

F1 =

((
(l01)

2 + (l02)
2 − A2

0

)((l02)2
c22

− (l01)
2

c21
+

A2
0

c21

)
−

−2(l02)
2

(
(l02)

2

c22
− (l01)

2

c21

))2

−
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−
(
(l02)

2

c22
− (l01)

2

c21
+

A2
0

c21

)2
((

(l01)
2 + (l02)

2 − A2
0

)2
− 4(l02)

2(l01)
2

)
.

Ââåäåìî ó ðîçãëÿä âåëè÷èíè c12 > 0 , l12 > 0 , L0i > 0 , i = 1, 2 , òà

ôóíêöiþ f = f(k) , ÿêi çàäîâîëüíÿþòü ñïiââiäíîøåííÿ

(c12)
2 =

(c1)
2

(c2)2
, (l12)

2 =
(l01)

2

(l02)2
, (L0i)

2 =
L2

(l0i)
2 , i = 1, 2; f = 4kK(k), (2.31)

äå k � äîâiëüíå äîäàòí¹ ÷èñëî.

Òîäi â ñèëó ðiâíîñòåé (2.29), (2.31), ïîñëiäîâíî îäåðæó¹ìî ñïiââiäíîøå-

ííÿ

(A0)
2 =

L4

(L01 L02)
2 f

2, 4 (l01)
2 (l02)

2 = 4
L4

(L01)
2 (L02)

2 ,

(l01)
2 + (l02)

2 − (A0)
2 =

L2

(L01 L02)
2

(
(L01)

2 + (L02)
2 − L2 f 2

)
,

(l02)
2

(c2)2
− (l01)

2

(c1)2
+

(A0)
2

c21
=

1

(c1)2
L2

(L01 L02)
2

(
L2 f 2 − (L02)

2 + (L01)
2 (c12)

2
)
,

2 (l02)
2

(
(l02)

2

(c2)
2 − (l01)

2

(c1)
2

)
= 2

L4

(c1)
2 (L01)

2 (L02)
4

(
(c12)

2 (L01)
2 − (L02)

2
)
,

çâiäêè, ïiñëÿ åëåìåíòàðíèõ ïåðåòâîðåíü, ðiâíiñòü (2.30) íàáóâà¹ âèãëÿäó(
(v1/c1)

2
)
±
≡
(
v1
c1

)2

=

=
f 4 + f 2 (L02)

2
(
(c12)

2−1

(l12)
2 − 2

)
+ (L01)

2 (L02)
2
(
(l12)

2 + (c12)
2

(l12)
2 − 1− (c12)

2
)

(
f 2 − (L02)

2 + (L01)
2 (c12)

2
)2 ±

±
2f (L01)

2

√
f 2 (c12)

2 +
(
1− (c12)

2
)(

(L02)
2 − (L01)

2 (c12)
2
)

(
f 2 − (L02)

2 + (L01)
2 (c12)

2
)2 , (2.32)

äå ó ëiâié ÷àñòèíi áåðåòüñÿ òîé çíàê (ïëþñ àáî ìiíóñ), ÿêèé ñòî¨òü ó ïðàâié

÷àñòèíi ïåðåä êâàäðàòíèì êîðåíåì.

Çâàæàþ÷è íà ñèìåòðè÷íiñòü ñèñòåìè ðiâíÿíü (2.23) âiäíîñíî çàìií iíäå-

êñiâ 1 ↔ 2 äëÿ ÀÔÌ òà K(k) → −K(k) , ïðèõîäèìî äî âèñíîâêó, ùî äëÿ

(v2/c2)
2 ìà¹ âèêîíóâàòèñü ðiâíiñòü:(

v2
c2

)2

=
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=

−

((
(l01)

2 + (l02)
2 − A2

0

)(
(l01)

2

c21
− (l02)

2

c22
+ A2

0

c22

)
− 2(l01)

2
(
(l01)

2

c21
− (l02)

2

c22

))
(c2)

2
(
(l01)2

c21
− (l02)2

c22
+ A2

0

c22

)2 ±

±
√
F2

(c2)
2
(
(l01)2

c21
− (l2)2

c22
+ A2

0

c22

)2 ,
äå

F2 =

((
(l01)

2 + (l02)
2 − A2

0

)((l01)2
c21

− (l02)
2

c22
+

A2
0

c22

)
−

−2(l01)
2

(
(l01)

2

c21
− (l02)

2

c22

))2

−

−
(
(l01)

2

c21
− (l02)

2

c22
+

A2
0

c22

)2
((

(l01)
2 + (l02)

2 − A2
0

)2
− 4(l02)

2(l01)
2

)
.

Ç îñòàííüî¨ ðiâíîñòi äîâîäèìî, àíàëîãi÷íî âèâåäåííþ ôîðìóëè (2.32),

ðiâíiñòü (
(v2/c2)

2
)
±
≡
(
v2
c2

)2

=

=
f 4 + f 2 (L01)

2
(
(l12)

2
(
(c12)

−2 − 1
)
− 2
)

(
f 2 − (L01)

2 + (L02)
2

(c12)
2

)2 +

+
(L01)

2 (L02)
2
(
(l12)

−2 + (l12)
2 (c12)

−2 − 1− (c12)
−2
)

(
f 2 − (L01)

2 + (L02)
2

(c12)
2

)2 ±

±
2f (L02)

2

√
f 2 (c12)

−2 +
(
1− (c12)

−2
)(

(L01)
2 − (L02)

2 (c12)
−2
)

(
f 2 − (L01)

2 + (L02)
2

(c12)
2

)2 . (2.33)

Ó âèïàäêó äîâiëüíèõ N , M (íåîáîâ'ÿçêîâî N = M ) çíàéäåíi âèðàçè

äëÿ øâèäêîñòåé çàëèøàþòüñÿ âiðíèìè ïðè áiëüø çàãàëüíîìó âèðàçi äëÿ âå-

ëè÷èíè A0 (äîâåäåííÿ àíàëîãi÷íå, ÿê i ïðè M = N ), à ñàìå � äëÿ A0 , ÿêà

â çàãàëüíîìó âèïàäêó äîðiâíþ¹ A0 = 4kK(k)
L

M
N l01l02 , ïðè öüîìó f ç (2.31)

ïîòðiáíî çìiíèòè íà òàêå: f = 4kK (k) M
N .
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Îòæå, ðiâíîñòi (2.32) òà (2.33) ñïðàâäæóþòüñÿ äëÿ âåëè÷èí c12 > 0 , l12 >

0 , L0i > 0 , i = 1, 2 , òà ôóíêöi¨ f = f(k) , ÿêi çàäîâîëüíÿþòü ñïiââiäíîøåííÿ

(2.31) ó âèïàäêó (2.21) (òà ó íàñòóïíèõ âèïàäêàõ òàêîæ).

Âèðàçè (2.26) äëÿ äîâæèí ñïiíîâèõ õâèëü äëÿ êîæíîãî ÀÔÌ âiäïîâiäà-

þòü íàñòóïíèì çíà÷åííÿì ïåðiîäà TSW òà ÷àñòîòè νSW ñïiíîâî¨ õâèëi:

νSW =
1

TSW
=

v1
4kK(k)l01

√
1− v21

c21
=

v2
4kK(k)l02

√
1− v22

c22
. (2.34)

Ðîçãëÿíåìî ãðàôi÷íi iëþñòðàöi¨ äî ðîçãëÿäóâàíîãî âèïàäêó (ç âèêîðè-

ñòàííÿì ïðîãðàìóâàííÿ íà ìîâi Python).

Âèïàäîê v1/c1 < 1 , v2/c2 < 1

êîìáiíàöiÿ ÀÔÌ1/ÀÔÌ2: MnN/MnPt

(äèâ. Äîäàòîê B)

l01 = 2.78 , l02 = 16.13 , l12 = 5.802158273381295 , c12 = 0.76
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Ðèñ. 2.5: Çàëåæíiñòü vi/ci , i = 1, 2 , âiä ðiçíèõ çíà÷åíü k äëÿ M = 1, 2, ..., 100 ,

N = 1, 2, ..., 500 , ó âèïàäêó vi/ci < 1 , i = 1, 2 , ÀÔÌ1/ ÀÔÌ2 = MnN/MnPt ( l01 = 2.78 ,

l02 = 16.13 , c12 = 0.76 )

Ìàëþíîê (2.5) âiçóàëèçó¹ çâ'ÿçîê ñïiíîâèõ øâèäêîñòåé â îáîõ ÀÔÌ i

õâèëüîâîãî ÷èñëà k ó âèïàäêó (2.21).
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Ðèñ. 2.6: Çàëåæíiñòü v1/c1 òà (νSW l01)/c1 âiä ðiçíèõ çíà÷åíü k äëÿ M = 1, 2, ..., 100 ,

N = 1, 2, ..., 500 ,

ó âèïàäêó vi/ci < 1 , i = 1, 2 , ÀÔÌ1/ ÀÔÌ2 = MnN/MnPt ( l01 = 2.78 , l02 = 16.13 ,

c12 = 0.76 )

Ìàëþíîê 2.6 âiäîáðàæà¹ âïëèâ ÷àñòîòè ñïiíîâèõ õâèëü i õàðàêòåðèñòè-

÷íî¨ äîâæèíè l01 íà øâèäêiñòü â ïåðøîìó ÀÔÌ ó âèïàäêó (2.21).



85

Ðèñ. 2.7: Çàëåæíiñòü v2/c2 òà (νSW l02)/c2 âiä ðiçíèõ çíà÷åíü k äëÿ M = 1, 2, ..., 100 ,

N = 1, 2, ..., 500 ,

ó âèïàäêó vi/ci < 1 , i = 1, 2 , ÀÔÌ1/ ÀÔÌ2 = MnN/MnPt ( l01 = 2.78 , l02 = 16.13 ,

c12 = 0.76 )

Ìàëþíîê 2.7 âiäîáðàæà¹ âïëèâ ÷àñòîòè ñïiíîâèõ õâèëü i õàðàêòåðèñòè-

÷íî¨ äîâæèíè l02 íà øâèäêiñòü â äðóãîìó ÀÔÌ ó âèïàäêó (2.21).

Ðîçãëÿíåìî ñõåìàòè÷íó áëîê�ñõåìó ïðîãðàìè íà ìîâi Python (äîäàòîê

E), çà äîïîìîãîþ ÿêî¨ îäåðæóâàëèñü ìàëþíêè (2.5), (2.6) òà (2.7).

Çàóâàæåííÿ: êîìåíòàð ðîçìiùó¹òüñÿ ñïðàâà ïiñëÿ çíàêà #, óñi åëå-

ìåíòè áëîê�ñõåìè ìiñòÿòüñÿ ó ïðÿìîêóòíèêàõ, iíêîëè ìåæi ïðÿìîêóòíèêà

íå ìàëþþòüñÿ äëÿ çðó÷íîñòi, òîäi äàíèé åëåìåíò áëîê�ñõåìè ìiñòèòüñÿ ìiæ

âiäïîâiäíèìè ñòðiëêàìè.
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Ïî÷àòîê

↓



#Iìïîðò íåîáõiäíèõ áiáëiîòåê

import matplotlib

import numpy as np

import matplotlib.pyplot as plt

from scipy import special

↓



Áëîê 1.

#Ôiçè÷íi ïàðàìåòðè ñåðåäîâèùà

L01 = 2.78

#Äîâæèíà õâèëi ó ïåðøîìó ñåðåäîâèùi

L02 = 16.13

#Äîâæèíà õâèëi ó äðóãîìó ñåðåäîâèùi

l12 = L02/L01

#Âiäíîøåííÿ äîâæèí õâèëü ìiæ ñåðåäîâèùàìè

c12 = 0.76

#Âiäíîøåííÿ øâèäêîñòåé ôàçîâî¨ õâèëi ìiæ ñåðåäîâèùàìè

#Äiàïàçîí çíà÷åíü õâèëüîâîãî ÷èñëà k

kmin = 0.1

#Ìiíiìàëüíå çíà÷åííÿk

kmax = 0.9

#Ìàêñèìàëüíå çíà÷åííÿ k

↓
Áëîê 2. Äîïîìiæíi ôóíêöi¨

# Ôóíêöi¨ äëÿ îáðàõóíêó äèñêðèìiíàíòiâ D1_2 = D1 òà D2_2 = D2

D1_2 = (c12)
2f 2 +

(
1− (c12)

2
) (

(L02)
2 − (L01)

2(c12)
2
)
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D2_2 = c−2
12 f

2 +
(
1− c−2

12

) (
L2
01 − L2

02 c
−2
12

)
# Ôóíêöiÿ äëÿ îáðàõóíêó (v1/c1)

2 çà ôîðìóëîþ (2.32) (çíàê ¾+¿)(
v1
c1

)2

=

=
f 4 + f 2 (L02)

2
(
(c12)

2−1

(l12)
2 − 2

)
+ (L01)

2 (L02)
2
(
(l12)

2 + (c12)
2

(l12)
2 − 1− (c12)

2
)

(
f 2 − (L02)

2 + (L01)
2 (c12)

2
)2 +

+

2f (L01)
2

√
f 2 (c12)

2 +
(
1− (c12)

2
)(

(L02)
2 − (L01)

2 (c12)
2
)

(
f 2 − (L02)

2 + (L01)
2 (c12)

2
)2 .

# Ôóíêöiÿ äëÿ îáðàõóíêó (v1/c1)
2 çà ôîðìóëîþ (2.32) (çíàê ¾-¿)(

v1
c1

)2

=

=
f 4 + f 2 (L02)

2
(
(c12)

2−1

(l12)
2 − 2

)
+ (L01)

2 (L02)
2
(
(l12)

2 + (c12)
2

(l12)
2 − 1− (c12)

2
)

(
f 2 − (L02)

2 + (L01)
2 (c12)

2
)2 −

−
2f (L01)

2

√
f 2 (c12)

2 +
(
1− (c12)

2
)(

(L02)
2 − (L01)

2 (c12)
2
)

(
f 2 − (L02)

2 + (L01)
2 (c12)

2
)2 .

# Ôóíêöiÿ äëÿ îáðàõóíêó (v2/c2)
2 çà ôîðìóëîþ (2.33) (çíàê ¾+¿)

(
v2
c2

)2

=
f 4 + f 2 (L01)

2
(
(l12)

2
(
(c12)

−2 − 1
)
− 2
)

(
f 2 − (L01)

2 + (L02)
2

(c12)
2

)2 +

+
(L01)

2 (L02)
2
(
(l12)

−2 + (l12)
2 (c12)

−2 − 1− (c12)
−2
)

(
f 2 − (L01)

2 + (L02)
2

(c12)
2

)2 +

+

2f (L02)
2

√
f 2 (c12)

−2 +
(
1− (c12)

−2
)(

(L01)
2 − (L02)

2 (c12)
−2
)

(
f 2 − (L01)

2 + (L02)
2

(c12)
2

)2 .
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# Ôóíêöiÿ äëÿ îáðàõóíêó (v2/c2)
2 çà ôîðìóëîþ (2.33) (çíàê ¾-¿)

(
v2
c2

)2

=
f 4 + f 2 (L01)

2
(
(l12)

2
(
(c12)

−2 − 1
)
− 2
)

(
f 2 − (L01)

2 + (L02)
2

(c12)
2

)2 +

+
(L01)

2 (L02)
2
(
(l12)

−2 + (l12)
2 (c12)

−2 − 1− (c12)
−2
)

(
f 2 − (L01)

2 + (L02)
2

(c12)
2

)2 −

−
2f (L02)

2

√
f 2 (c12)

−2 +
(
1− (c12)

−2
)(

(L01)
2 − (L02)

2 (c12)
−2
)

(
f 2 − (L01)

2 + (L02)
2

(c12)
2

)2 .

↓



Áëîê 3. Âèçíà÷à¹ìî ðóõ çà k

#Âèçíà÷à¹ìî êiëüêiñòü êðîêiâ äëÿ k

nk = 50 #êiëüêiñòü çíà÷åíü k

kk = np.linspace(kmin, kmax, nk)

#ëiíiéíå ðîçáèòòÿ çíà÷åíü k âiä k_min äî k_max

#Ñòâîðþ¹òüñÿ ïîñëiäîâíiñòü ç ÷èñåë k âiä k_min äî k_max

↓
Áëîê 4. Âèçíà÷à¹ìî ðóõ çà M i N

# Âèçíà÷à¹ìî ìàêñèìàëüíi çíà÷åííÿ äëÿ M i N

Mmax = 100 # Ìàêñèìàëüíå çíà÷åííÿ M

Nmax = 500 # Ìàêñèìàëüíîå çíà÷åíèå N

# Âèçíà÷à¹ìî êðîêè äëÿ M i N

stepM = 1 # Êðîê çìiíè M

stepN = 1 # Êðîê çìiíè N

# Ñòâîðåííÿ ìàñèâiâ äëÿ M i N ç çàäàíèìè êðîêàìè

M = np.arange(1, stepM ∗Mmax, stepM)

# Ìàñèâ çíà÷åíü M âiä 1 äî Mmax ç êðîêîì stepM

N = np.arange(1, stepN ∗Nmax, stepN)

# Ìàñèâ çíà÷åíü N âiä 1 äî Nmax ç êðîêîì stepN
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↓
Áëîê 5. Còâîðåííÿ ïîðîæíiõ ñïèñêiâ äëÿ çáåðåæåííÿ ðåçóëüòàòiâ

ðîçðàõóíêiâ

v1_c1 = [] # Âiäíîøåííÿ v1/c1

v2_c2 = [] # Âiäíîøåííÿ v2/c2

k_c = [] # Õâèëüîâå ÷èñëî k

nu_l_01_c1 = [] # Êîåôiöè¹íò ν × l01/c1

nu_l_02_c2 = [] # Êîåôiöè¹íò ν × l02/c2

↓
Áëîê 6. Îñíîâíèé öèêë ïåðåáîðó çíà÷åíü k , M , N

Çîâíiøíié öèêë � ïåðåáèðàííÿ çà k

Âêëàäåíèé öèêë ïåðøîãî ðiâíÿ � ïåðåáèðàííÿ çà M

Âêëàäåíèé öèêë äðóãîãî ðiâíÿ � ïåðåáèðàííÿ çà N (îáðàõóíîê

f = 4kK (k) M
N , D1 , D2 ,

ïåðåâiðêà óìîâ: D1 > 0 , D2 > 0 , (v1/c1)
2 < 1 , (v2/c2)

2 < 1 ;

ïåðåâiðêà âèêîíàííÿ óìîâ öèêëó òà çàïîâíåííÿ çíà÷åíü vi/ci =
√

(vi/ci)
2 ,

i = 1, 2 , ó ñïèñêè vi_ci , i = 1, 2 , âiäïîâiäíî).

↓



Áëîê 7. Ïåðåòâîðåííÿ ñïèñêiâ ó ìàñèâè NumPy

v1_c1 = np.array(v1_c1)

v2_c2 = np.array(v2_c2)

k_c = np.array(k_c)

nu_l_01_c1 = np.array(nu_l_01_c1)

nu_l_02_c2 = np.array(nu_l_02_c2)

↓

Âiçóàëiçàöiÿ ðåçóëüòàòiâ: Ìàëþíêè 2.5, 2.6, 2.7
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2.3.3 Âèïàäîê ïîøèðåííÿ íàäêðèòè÷íî¨ õâèëi íàìàãíi÷åíîñòi

â îáîõ ÀÔÌ

Ðîçãëÿíåìî âèïàäîê ïîøèðåííÿ íàäêðèòè÷íî¨ õâèëi íàìàãíi÷åíîñòi â

îáîõ àíòèôåðîìàãíåòèêàõ, òîáòî âèïàäêó ðîçâ'ÿçêó (2.17) ïðè

βii + d2i/δi > 0, vi > ci, Zi =
z − vi t

l0i

√
v2i
c2i
− 1

, i = 1, 2. (2.35)

Ñèñòåìà ãðàíè÷íèõ óìîâ (2.23) ïåðåòâîðèòüñÿ ó âèïàäêó (2.35) íà ñèñòå-

ìó 

k1 = k2 = k,
v1

l01

√
v21
c21
−1

= v2

l02

√
v22
c22
−1

,

l01R1 = l02R2,

NL

 1

l01

√
v21
c21
−1

− 1

l02

√
v22
c22
−1

 = 4kK(k)M.

(2.36)

Ïiñëÿ ïiäíåñåííÿ îáîõ ÷àñòèí äðóãîãî ðiâíÿííÿ ñèñòåìè (2.36) äî êâà-

äðàòó òà ïåðåòâîðåíü, îäåðæó¹ìî ñïiââiäíîøåííÿ (2.28).

Ïiäñòàâëÿþ÷è (2.28) â ÷åòâåðòå ðiâíÿííÿ ñèñòåìè (2.36), îòðèìó¹ìî ïî-

ñëiäîâíi ïåðåòâîðåííÿ

L


1

l01

√
v21
c21
− 1

− 1

l02

√√√√√ 1
c22

 v21 (l02)
2

v21

(
(l02)

2

c22
− (l01)

2

c21

)
+(l01)2

− 1


= 4k

(
M

N

)
K(k),

 1

l01

√
v21
c21
− 1

−

√
v21

(
(l02)2

c22
− (l01)2

c21

)
+ (l01)2

l02l01c2

√(
v1
c1

)2
− 1

 =

=
4k M

N K(k)

L
,
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l02 c2 −

√
v21

(
(l02)2

c22
− (l01)2

c21

)
+ (l01)2 =

4k M
N K(k)

L
l01 l02

√
v21
c21

− 1.

Ïiäíîñÿ÷è îáèäâi ÷àñòèíè îäåðæàíîãî ðiâíÿííÿ äî êâàäðàòó, òà çäiéñíþþ÷è

íåîáõiäíi ïåðåòâîðåííÿ. Îäåðæó¹ìî ôîðìóëè äëÿ v2i /c
2
i , i = 1, 2 , ó âèãëÿäi:

(
(v1/c1)

2
)
±
≡
(
v1
c1

)2

=

=
f 4 − f 2 (L02)

2
(
(l12)

−2
(
(c12)

2 − 1
)
− 2
)

(
f 2 + (L02)

2 − (L01)
2(c12)

2
)2 +

+
(L01)

2 (L02)
2
(
(l12)

2 + (l12)
−2 (c12)

2 − 1− (c12)
2
)

(
f 2 + (L02)

2 − (L01)
2(c12)

2
)2 ±

±
2f (L01)

2

√
f 2 (c12)

2 −
(
1− (c12)

2
)(

(L02)
2 − (L01)

2 (c12)
2
)

(
f 2 + (L02)

2 − (L01)
2(c12)

2
)2 , (2.37)

(
(v2/c2)

2
)
±
≡
(
v2
c2

)2

=

=
f 4 − f 2 (L01)

2
(
(l12)

2
(
(c12)

−2 − 1
)
− 2
)

(
f 2 + (L01)

2 − (L02)
2

(c12)
2

)2 +

+
(L01)

2 (L02)
2
(
(l12)

−2 + (l12)
2 (c12)

−2 − 1− (c12)
−2
)

(
f 2 + (L01)

2 − (L02)
2

(c12)
2

)2 ±

±
2f (L02)

2

√
f 2 (c12)

−2 −
(
1− (c12)

−2
)(

(L01)
2 − (L02)

2 (c12)
−2
)

(
f 2 + (L01)

2 − (L02)
2

(c12)
2

)2 ,

(2.38)

äå c12 > 0 , l12 > 0 , L0i > 0 , i = 1, 2 , òà ôóíêöiÿ f = f(k) çàäîâîëüíÿþòü

ñïiââiäíîøåííÿ

(c12)
2 =

(c1)
2

(c2)2
, (l12)

2 =
(l01)

2

(l02)2
, (L0i)

2 =
L2

(l0i)
2 , i = 1, 2; f = 4kK(k)

M

N
, (2.39)
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äå k � äîâiëüíå äîäàòí¹ ÷èñëî.

Àíàëîãè ðiâíîñòåé (2.34) äëÿ íàøîãî âèïàäêó (2.35) íàáóâàþòü âèãëÿäó

νSW =
1

TSW
=

v1
4kK(k)l01

√
v21
c21

− 1 =
v2

4kK(k)l02

√
v22
c22

− 1. (2.40)

Óìîâà çàñòîñîâíîñòi äîâãîõâèëüîâîãî íàáëèæåííÿ,

αi

all
≪ λ

(i)
SW äëÿ M01 ∽ M02, (2.41)

îäåðæó¹òüñÿ àíàëîãi÷íî óìîâi (2.27) òà ìà¹ âèãëÿä

4kK(k) alll0i
αi

√
1− v2i

c2i
≫ 1, i = 1, 2. (2.42)

Ðîçãëÿíåìî ãðàôi÷íi iëþñòðàöi¨ äî ðîçãëÿäóâàíîãî âèïàäêó (ç âèêîðè-

ñòàííÿì ïðîãðàìóâàííÿ íà ìîâi Python).

Âèïàäîê v1/c1 > 1 , v2/c2 > 1

êîìáiíàöiÿ ÀÔÌ1/ÀÔÌ2: MnPd/MnNi

(äèâ. Äîäàòîê B)

l01 = 27.8 , l02 = 18.6 , l12 = 0.6690647482014389 , c12 = 0.78
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Ðèñ. 2.8: Çàëåæíiñòü vi/ci , i = 1, 2 , âiä ðiçíèõ çíà÷åíü k äëÿ M = 1, 2, ..., 100 , N =

1, 2, ..., 500 ,

ó âèïàäêó vi/ci > 1 , i = 1, 2 , ÀÔÌ1/ ÀÔÌ2 = MnPd/MnNi ( l01 = 27.8 , l02 = 18.6 ,

c12 = 0.78 )

Ìàëþíîê (2.8) âiçóàëèçó¹ çâ'ÿçîê ñïiíîâèõ øâèäêîñòåé â îáîõ ÀÔÌ i

õâèëüîâîãî ÷èñëà k ó âèïàäêó (2.35).
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Ðèñ. 2.9: Çàëåæíiñòü v1/c1 òà (νSW l01)/c1 âiä ðiçíèõ çíà÷åíü k äëÿ M = 1, 2, ..., 100 ,

N = 1, 2, ..., 500 ,

ó âèïàäêó vi/ci > 1 , i = 1, 2 , ÀÔÌ1/ ÀÔÌ2 = MnPd/MnNi ( l01 = 27.8 , l02 = 18.6 ,

c12 = 0.78 )

Ìàëþíîê 2.9 âiäîáðàæà¹ âïëèâ ÷àñòîòè ñïiíîâèõ õâèëü i õàðàêòåðèñòè-

÷íî¨ äîâæèíè l01 íà øâèäêiñòü â ïåðøîìó ÀÔÌ ó âèïàäêó (2.35).
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Ðèñ. 2.10: Çàëåæíiñòü v1/c1 òà (νSW l02)/c2 âiä ðiçíèõ çíà÷åíü k äëÿ M = 1, 2, ..., 100 ,

N = 1, 2, ..., 500 ,

ó âèïàäêó vi/ci > 1 , i = 1, 2 , ÀÔÌ1/ ÀÔÌ2 = MnPd/MnNi ( l01 = 27.8 , l02 = 18.6 ,

c12 = 0.78 )

Ìàëþíîê 2.10 âiäîáðàæà¹ âïëèâ ÷àñòîòè ñïiíîâèõ õâèëü i õàðàêòåðèñòè-

÷íî¨ äîâæèíè l02 íà øâèäêiñòü â äðóãîìó ÀÔÌ ó âèïàäêó (2.35).

2.3.4 Âèïàäêè ðîçïîâñþäæåííÿ äîêðèòè÷íî¨ õâèëi íàìàãíi÷å-

íîñòi â îäíîìó ÀÔÌ òà íàäêðèòè÷íî¨ õâèëi íàìàãíi÷å-

íîñòi â iíøîìó

Çàëèøà¹òüñÿ ðîçãëÿíóòè âèïàäêè ðîçïîâñþäæåííÿ äîêðèòè÷íî¨ õâèëi

íàìàãíi÷åíîñòi â îäíîìó ÀÔÌ òà íàäêðèòè÷íî¨ õâèëi íàìàãíi÷åíîñòi â ií-

øîìó, òîáòî êîëè îäèí ç ÀÔÌ çàäîâîëüíÿ¹ âèïàäêó (2.21), iíøèé � âèïàäêó

(2.35).

Ðîçãëÿíåìî ñïî÷àòêó âèïàäîê, êîëè ðîçâ'ÿçîê (2.17) äëÿ ïåðøîãî ÀÔÌ

çàäîâîëüíÿ¹ óìîâè (2.21) äëÿ i = 1 , à äëÿ äðóãîãî ÀÔÌ � âèïàäêó (2.35)
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äëÿ i = 2 , òîáòî ñïðàâäæóþòüñÿ ñïiââiäíîøåííÿ:

Z1 =
z − v1 t

l01

√
1− v21

c21

, β11 + d21/δ1 < 0; Z2 =
z − v2 t

l02

√
v22
c22
− 1

, β22 + d22/δ2 > 0, (2.43)

äå v1 < c1 , v2 > c2 .

Ñèñòåìà óìîâ (2.23) äëÿ íàøîãî âèïàäêó (2.43) íàáóâà¹ âèãëÿäó:

k1 = k2 = k,
v1

l01

√
1−v21

c21

= v2

l02

√
v22
c22
−1

,

l01R1 = l02R2,

NL

 1

l01

√
1− v21

c21

− 1

l02

√
v22
c22
−1

 = 4kK(k)M.

(2.44)

Àíàëîãè ðiâíîñòåé (2.34) íàáóâàþòü âèãëÿäó:

νSW =
1

TSW
=

v1
4kK(k)l01

√
1− v21

c21
=

v2
4kK(k)l02

√
v22
c22

− 1. (2.45)

Óìîâà çàñòîñîâíîñòi äîâãîõâèëüîâîãî íàáëèæåííÿ (2.41) îäåðæó¹òüñÿ ç

(2.27) çà äîïîìîãîþ çàìiíè
√

1− v22/c
2
2 →

√
v22/c

2
2 − 1 , îòæå, ìà¹ âèãëÿä

4kK(k) alll01
α1

√
1− v21

c21
≫ 1,

4kK(k) alll02
α2

√
v22
c22

− 1 ≫ 1. (2.46)

Íàðåøòi, ôîðìóëè äëÿ v2i /c
2
i , i = 1, 2 , íàáóâàþòü äëÿ íàøîãî âèïàäêó

âèãëÿäó:(
(v1/c1)

2
)
±
≡
(
v1
c1

)2

=

=
f 4 + f 2 (L02)

2
(
(l12)

−2
(
(c12)

2 − 1
)
+ 2
)

(
f 2 + (L02)

2 + (L01)
2(c12)

2
)2 +

+
(L01)

2 (L02)
2
(
(l12)

2 + (l12)
−2 (c12)

2 + 1 + (c12)
2
)

(
f 2 + (L02)

2 + (L01)
2(c12)

2
)2 ±

±
2f (L01)

2

√
f 2 (c12)

2 −
(
1− (c12)

2
)(

(L02)
2 + (L01)

2 (c12)
2
)

(
f 2 + (L02)

2 + (L01)
2(c12)

2
)2 , (2.47)
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(
(v2/c2)

2
)
±
≡
(
v2
c2

)2

=

=
f 4 − f 2 (L01)

2
(
(l12)

2
(
(c12)

−2 − 1
)
+ 2
)

(
f 2 − (L01)

2 − (L02)
2

(c12)
2

)2 +

+
(L01)

2 (L02)
2
(
(l12)

−2 + (l12)
2 (c12)

−2 + 1 + (c12)
−2
)

(
f 2 − (L01)

2 − (L02)
2

(c12)
2

)2 ±

±
2f (L02)

2

√
f 2 (c12)

−2 +
(
1− (c12)

−2
)(

(L01)
2 + (L02)

2 (c12)
−2
)

(
f 2 − (L01)

2 − (L02)
2

(c12)
2

)2 ,

(2.48)

äå, ÿê i ðàíiøå, âåëè÷èíè, ÿêi âõîäÿòü ó ïðàâó ÷àñòèíó ðiâíîñòåé (2.47), (2.48)

çàäîâîëüíÿþòü óìîâè (2.39).

Äîâåäåìî ôîðìóëè (2.47), (2.48) çà çàãàëüíèõ óìîâ (ó òîìó ÷èñëi i ïðè

M ̸= N ).

Ç äðóãîãî ðiíÿííÿ ñèñòåìè (2.44) îäåðæó¹ìî ñïiââiäíîøåííÿ

v22 =
l202 v

2
1(

l201
c21

+ l202
c22

)
v21 − l201

.

Ïiäñòàâëÿþ÷è îòðèìàíèé âèùå âèðàç äëÿ (v2)
2 â ÷åòâåðòå ðiâíÿííÿ ñè-

ñòåìè (2.44), îòðèìó¹ìî ïîñëiäîâíi ïåðåòâîðåííÿ

L


1

l01

√
1− v21

c21

− 1

l02

√√√√√ 1
c22

 v21 (l02)
2

v21

(
(l02)

2

c22
+

(l01)
2

c21

)
−(l01)2

− 1


= 4k

M

N
K(k),

 1

l01

√
1− v21

c21

−

√
v21

(
(l02)2 + (l01)2

c22
c21

)
− (l01)2 c22

l02

√
v21(l02)

2 −
(
v21

(
(l02)2 +

c22(l01)
2

c21

)
− (l01)2 c22

)
 =
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=
4k M

N K(k)

L
,

1

l01

√
1− v21

c21

−

√
v21

(
(l01)2

c21
+ (l02)2

c22

)
− (l01)2

l01 l02

√
1− v21

c21

=
4k M

N K(k)

L
,

1

l01

√
1− v21

c21

1−

√
v21

(
(l01)2

c21
+ (l02)2

c22

)
− (l01)2

l02

 =
4k M

N K(k)

L
,

l02 −

√(
(l01)2

c21
+

(l02)2

c22

)
v21 − (l01)2 =

4k M
N K(k)

L
l01 l02

√
1− v21

c21
,

(l02)
2 +

(
(l01)

2

c21
+

(l02)
2

c22

)
v21 − (l01)

2 − 2l02

√(
(l01)2

c21
+

(l02)2

c22

)
v21 − (l01)2 =

=

(
4k M

N K(k)

L
l01 l02

)2(
1− v21

c21

)
,

(l02)
2 +

(
(l01)

2

c21
+

(l02)
2

c22

)
v21 − (l01)

2 −

(
4kK(k)MN

L
l01 l02

)2(
1− v21

c21

)
=

= 2l02

√(
(l01)2

c21
+

(l02)2

c22

)
v21 − (l01)2,

(l02)
2+

(l01)
2

c21
+

(l02)
2

c22
+

(
4k M

N K(k)

L

l01 l02
c1

)2
 v21−(l01)

2−
(
4kK(k)

L
l01 l02

)2

=

= 2l02

√(
(l01)2

c21
+

(l02)2

c22

)
v21 − (l01)2.

Ïîçíà÷èìî

k1 := (l01)
2/c21 + (l02)

2/c22, A0 :=
4k M

N K(k)

L
l01 l02, A∗ := (l02)

2 − (l01)
2 − A2

0.

(2.49)
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Òîäi îñòàííÿ ðiâíiñòü ïåðåïèøåòüñÿ ó âèãëÿäi

A∗ +

(
k1 +

A2
0

c21

)
v21 = 2l02

√
k1 v21 − (l01)2,

ïiäíîñèìî äàëi ¨¨ ïî÷ëåííî äî êâàäðàòó, îäåðæó¹ìî ïîñëiäîâíî åêâiâàëåíòíi

ðiâíÿííÿ âiäíîñíî çìiííî¨ v21 :(
k1 +

A2
0

c21

)2

v41 + 2A∗

(
k1 +

A2
0

c21

)
v21 + A2

∗ = 4(l02)
2
(
k1v

2
1 − (l01)

2
)
,(

k1 +
A2

0

c21

)2 (
v21
)2

+

(
2A∗

(
k1 +

A2
0

c21

)
− 4(l02)

2k1

)
v21 +

(
A2

∗ + 4(l02)
2(l201)

)
= 0.

(2.50)

Îòðèìàíå áiêâàäðàòíå (âiäíîñíî v21 ) ðiâíÿííÿ (2.50) ìà¹ ðîçâ'ÿçêè:

v21 =
−
(
2A∗

(
k1 +

A2
0

c21

)
− 4(l02)

2k1

)
2
(
k1 +

A2
0

c21

)2 ±

±

√(
2A∗

(
k1 +

A2
0

c21

)
− 4(l02)2k1

)2
− 4

(
k1 +

A2
0

c21

)
(A2

∗ + 4(l02)2(l01)2)

2
(
k1 +

A2
0

c21

)2 ,

àáî, ïiñëÿ ñïðîùåííÿ òà âðàõîâóþ÷è îçíà÷åííÿ k1 òà A∗ , îäåðæó¹ìî

v21 =
−
(
A∗

(
k1 +

A2
0

c21

)
− 2(l02)

2k1

)
(
k1 +

A2
0

c21

)2 ±

±

√(
A∗

(
k1 +

A2
0

c21

)
− 2(l02)2k1

)2
−
(
k1 +

A2
0

c21

)
(A2

∗ + 4(l02)2(l01)2)(
k1 +

A2
0

c21

)2 ,

(
v1
c1

)2

=

=

−

((
(l02)

2 − (l01)
2 − A2

0

)(
(l02)

2

c22
+ (l01)

2

c21
+ A2

0

c21

)
− 2(l02)

2
(
(l02)

2

c22
+ (l01)

2

c21

))
c21

(
(l02)2

c22
+ (l01)2

c21
+ A2

0

c21

)2 ±

±
√
F2

c21

(
(l02)2

c22
+ (l01)2

c21
+ A2

0

c21

)2 ,
(2.51)
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äå

F2 =

((
l202 − l201 − A2

0

)(l201
c21

+
l202
c22

+
A2

0

c21

)
− 2l202

(
l201
c21

+
l202
c22

))2

−

−
(
l201
c21

+
l202
c22

+
A2

0

c21

)((
l202 − l201 − A2

0

)2
+ 4 (l01)

2(l02)
2

)
.

ïîñëiäîâíî îäåðæó¹ìî ñïiââiäíîøåííÿ

(A0)
2 =

L4

(L01 L02)
2 f

2, 4 (l01)
2 (l02)

2 = 4
L4

(L01)
2 (L02)

2 ,

(l02)
2 − (l01)

2 − (A0)
2 =

L2

(L01 L02)
2

(
(L02)

2 − (L01)
2 − L2 f 2

)
,

(l02)
2

(c2)2
+

(l01)
2

(c1)2
+

(A0)
2

c21
=

1

(c1)2
L2

(L01 L02)
2

(
L2 f 2 + (L02)

2 + (L01)
2 (c12)

2
)
,

2 (l02)
2

(
(l02)

2

(c2)
2 +

(l01)
2

(c1)
2

)
= 2

L4

(c1)
2 (L01)

2 (L02)
4

(
(c12)

2 (L01)
2 + (L02)

2
)
,

çâiäêè, ïiñëÿ åëåìåíòàðíèõ ïåðåòâîðåíü, ðiâíiñòü (2.51) íàáóâà¹ âèãëÿäó

(2.47). Àíàëîãi÷íî äîâîäèòüñÿ ôîðìóëà (2.48).

Ðîçãëÿíåìî ãðàôi÷íi iëþñòðàöi¨ äî ðîçãëÿäóâàíîãî âèïàäêó (ç âèêîðè-

ñòàííÿì ïðîãðàìóâàííÿ íà ìîâi Python).

Âèïàäîê v1/c1 < 1 , v2/c2 > 1

êîìáiíàöiÿ ÀÔÌ1/ÀÔÌ2: MnPt/MnNi

(äèâ. Äîäàòîê B)

l01 = 16.0 , l02 = 18.6 , l12 = 1.15 , c12 = 3.1
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Ðèñ. 2.11: Çàëåæíiñòü vi/ci , i = 1, 2 , âiä ðiçíèõ çíà÷åíü k äëÿ M = 1, 2, ..., 100 , N =

1, 2, ..., 500 ,

ó âèïàäêó v1/c1 < 1 , v2/c2 > 1 , ÀÔÌ1/ ÀÔÌ2 = MnPt/MnNi ( l01 = 16, 0 , l02 = 18.6 ,

c12 = 3.1 )

Ìàëþíîê (2.11) âiçóàëèçó¹ çâ'ÿçîê ñïiíîâèõ øâèäêîñòåé â îáîõ ÀÔÌ i

õâèëüîâîãî ÷èñëà k ó âèïàäêó (2.43).
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Ðèñ. 2.12: Çàëåæíiñòü v1/c1 òà (νSW l01)/c1 âiä ðiçíèõ çíà÷åíü k äëÿ M = 1, 2, ..., 100,

N = 1, 2, ..., 500,

ó âèïàäêó v1/c1 < 1 , v2/c2 > 1 , ÀÔÌ1 ÀÔÌ2 = MnPt/MnNi ( l01 = 16, 0 , l02 = 18.6 ,

c12 = 3.1 )

Ìàëþíîê 2.12 âiäîáðàæà¹ âïëèâ ÷àñòîòè ñïiíîâèõ õâèëü i õàðàêòåðèñòè-

÷íî¨ äîâæèíè l01 íà øâèäêiñòü â ïåðøîìó ÀÔÌ ó âèïàäêó (2.43).
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Ðèñ. 2.13: Çàëåæíiñòü v2/c2 òà (νSW l02)/c2 âiä ðiçíèõ çíà÷åíü k äëÿ M = 1, 2, ..., 100,

N = 1, 2, ..., 500,

ó âèïàäêó v1/c1 < 1 , v2/c2 > 1 , ÀÔÌ1/ ÀÔÌ2 = MnPt/MnNi ( l01 = 16, 0 , l02 = 18.6 ,

c12 = 3.1 )

Ìàëþíîê 2.13 âiäîáðàæà¹ âïëèâ ÷àñòîòè ñïiíîâèõ õâèëü i õàðàêòåðèñòè-

÷íî¨ äîâæèíè l02 íà øâèäêiñòü â äðóãîìó ÀÔÌ ó âèïàäêó (2.43).

Âèïàäîê, êîëè ðîçâ'ÿçîê (2.17) äëÿ äðóãîãî ÀÔÌ çàäîâîëüíÿ¹ óìîâè

(2.21) äëÿ i = 2 , à äëÿ ïåðøîãî ÀÔÌ � âèïàäêó (2.35) äëÿ i = 1 , òîáòî

ñïðàâäæóþòüñÿ ñïiââiäíîøåííÿ

Z1 =
z − v1 t

l01

√
v21
c21
− 1

, β11 + d21/δ1 > 0;Z2 =
z − v2 t

l02

√
1− v22

c22

, β22 + d22/δ2 < 0, (2.52)

äå v1 > c1 , v2 < c2 , ðîçãëÿäà¹òüñÿ àíàëîãi÷íî âèïàäêó (2.43).

Âiäïîâiäíi ôîðìóëè âèïàäêó (2.52) îäåðæóþòüñÿ àíàëîãi÷íî âèâåäåííþ

âiäïîâiäíèõ ôîðìóë âèïàäêó (2.43). Íàâåäåìî ¨õ.
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Ñèñòåìà óìîâ (2.23) äëÿ íàøîãî âèïàäêó (2.52) íàáóâà¹ âèãëÿäó:

k1 = k2 = k,
v1

l01

√
v21
c21
−1

= v2

l02

√
1−v22

c22

,

l01R1 = l02R2,

NL

 1

l01

√
1− v21

c21

− 1

l02

√
v22
c22
−1

 = 4kK(k)M.

(2.53)

Óìîâà çàñòîñîâíîñòi äîâãîõâèëüîâîãî íàáëèæåííÿ (2.41) îäåðæó¹òüñÿ ç

(2.46) çà äîïîìîãîþ çàìiíè iíäåêñiâ 1 ↔ 2 , îòæå, ìà¹ âèãëÿä

4kK(k) alll01
α1

√
v21
c21

− 1 ≫ 1,
4kK(k) alll02

α2

√
1− v22

c22
≫ 1. (2.54)

Àíàëîãè ôîðìóë (2.45) ìàþòü âèãëÿä

νSW =
1

TSW
=

v1
4kK(k)l01

√
v21
c21

− 1 =
v2

4kK(k)l02

√
1− v22

c22
. (2.55)

Íàðåøòi, ôîðìóëè äëÿ v2i /c
2
i , i = 1, 2 , íàáóâàþòü äëÿ íàøîãî âèïàäêó

âèãëÿäó:(
(v1/c1)

2
)
±
≡
(
v1
c1

)2

=

=
f 4 − f 2 (L02)

2
(
(l12)

−2
(
(c12)

2 − 1
)
+ 2
)

(
f 2 − (L02)

2 − (L01)
2(c12)

2
)2 +

+
(L01)

2 (L02)
2
(
(l12)

2 + (l12)
−2 (c12)

2 + 1 + (c12)
2
)

(
f 2 − (L02)

2 − (L01)
2(c12)

2
)2 ±

±
2f (L01)

2

√
f 2 (c12)

2 +
(
1− (c12)

2
)(

(L02)
2 + (L01)

2 (c12)
2
)

(
f 2 − (L02)

2 − (L01)
2(c12)

2
)2 , (2.56)
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(
(v2/c2)

2
)
±
≡
(
v2
c2

)2

=

=
f 4 + f 2 (L01)

2
(
(l12)

2
(
(c12)

−2 − 1
)
+ 2
)

(
f 2 + (L01)

2 + (L02)
2(c12)

−2
)2 +

+
(L01)

2 (L02)
2
(
(l12)

−2 + (l12)
2 (c12)

−2 + 1 + (c12)
−2
)

(
f 2 + (L01)

2 + (L02)
2(c12)

−2
)2 ±

±
2f (L02)

2

√
f 2 (c12)

−2 −
(
1− (c12)

−2
)(

(L01)
2 + (L02)

2 (c12)
−2
)

(
f 2 + (L01)

2 + (L02)
2(c12)

−2
)2 , (2.57)

äå, ÿê i ðàíiøå, âåëè÷èíè, ÿêi âõîäÿòü ó ïðàâó ÷àñòèíó ðiâíîñòåé (2.57), (2.57)

çàäîâîëüíÿþòü óìîâè (2.39).

Ðîçãëÿíåìî ãðàôi÷íi iëþñòðàöi¨ äî ðîçãëÿäóâàíîãî âèïàäêó (ç âèêîðè-

ñòàííÿì ïðîãðàìóâàííÿ íà ìîâi Python).

Âèïàäîê v1/c1 > 1 , v2/c2 < 1

êîìáiíàöiÿ ÀÔÌ1/ÀÔÌ2: MnIr/MnN

(äèâ. Äîäàòîê B)

l01 = 72, 5 , l02 = 2, 78 , l12 = 0.038344827586206894 , c12 = 0.895



106

Ðèñ. 2.14: Çàëåæíiñòü vi/ci , i = 1, 2 , âiä ðiçíèõ çíà÷åíü k äëÿ M = 1, 2, ..., 100 , N =

1, 2, ..., 500 ,

ó âèïàäêó v1/c1 > 1 , v2/c2 < 1 , ÀÔÌ1/ ÀÔÌ2 = MnIr/MnN ( l01 = 72, 5 , l02 = 2, 78 ,

c12 = 0.895 )

Ìàëþíîê (2.14) âiçóàëèçó¹ çâ'ÿçîê ñïiíîâèõ øâèäêîñòåé â îáîõ ÀÔÌ i

õâèëüîâîãî ÷èñëà k ó âèïàäêó (2.52).
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Ðèñ. 2.15: Çàëåæíiñòü v1/c1 òà (νSW l01)/c1 âiä ðiçíèõ çíà÷åíü k äëÿ M = 1, 2, ..., 100 ,

N = 1, 2, ..., 500 ,

ó âèïàäêó v1/c1 > 1 , v2/c2 < 1 , ÀÔÌ1/ ÀÔÌ2 = MnIr/MnN ( l01 = 72, 5 , l02 = 2, 78 ,

c12 = 0.895 )

Ìàëþíîê 2.15 âiäîáðàæà¹ âïëèâ ÷àñòîòè ñïiíîâèõ õâèëü i õàðàêòåðèñòè-

÷íî¨ äîâæèíè l01 íà øâèäêiñòü â ïåðøîìó ÀÔÌ ó âèïàäêó (2.52).
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Ðèñ. 2.16: Çàëåæíiñòü v2/c2 òà (νSW l02)/c2 âiä ðiçíèõ çíà÷åíü k äëÿ M = 1, 2, ..., 100 ,

N = 1, 2, ..., 500 ,

ó âèïàäêó v1/c1 > 1 , v2/c2 < 1 , ÀÔÌ1/ ÀÔÌ2 = MnIr/MnN ( l01 = 72, 5 , l02 = 2, 78 ,

c12 = 0.895 )

Ìàëþíîê 2.16 âiäîáðàæà¹ âïëèâ ÷àñòîòè ñïiíîâèõ õâèëü i õàðàêòåðèñòè-

÷íî¨ äîâæèíè l02 íà øâèäêiñòü â äðóãîìó ÀÔÌ ó âèïàäêó (2.52).

Âèñíîâêè äî ðîçäiëó 2

Ó äàíîìó ðîçäiëi çíàéäåíî øâèäêîñòi íåëiíiéíèõ ñïiíîâèõ õâèëü ó ÿâíî-

ìó âèãëÿäi äëÿ êîæíîãî ÀÔÌ, ÿêi âiäïîâiäàþòü ãðàíè÷íèì óìîâàì äëÿ ïåâ-

íîãî êëàñó ðîçâ'ÿçêiâ ñèñòåìè ðiâíÿíü Ëàíäàó�Ëiôøèöÿ äëÿ êîæíîãî ÀÔÌ

âiäíîñíî ñiãìà�ìîäåëi òà äîâãîõâèëüîâîãî íàáëèæåííÿ.

Çíàéäåíî êîðåêòíi ãðàíè÷íi óìîâè äëÿ ïåâíîãî êëàñó ðîçâ'ÿçêiâ ñèñòå-

ìè ðiâíÿíü Ëàíäàó�Ëiôøèöÿ äëÿ êîæíîãî ÀÔÌ âiäíîñíî ñiãìà�ìîäåëi òà

äîâãîõâèëüîâîãî íàáëèæåííÿ, êðiì òîãî, çíàéäåíî ÿâíi ôîðìóëè øâèäêîñòåé

ñïiíîâèõ õâèëü äëÿ äàíèõ ãðàíè÷íèõ óìîâ òà äîñëiäæåíî ¨õ çàëåæíiñòü âiä
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äiéñíîãî ïàðàìåòðó k (àðãóìåíò âiäïîâiäíîãî åëiïòè÷íîãî iíòåãðàëó ïåðøîãî

ðîäó). Ïðè öüîìó øâèäêîñòi ñïiíîâî¨ õâèëi çíàéäåíî äëÿ òàêèõ âèïàäêiâ (âiä-

íîñíî ÀÔÌ) â äîñëiäæóâàíîìó ìàãíîííîìó êðèñòàëi: äîêðèòè÷íå ïîøèðåííÿ

õâèëi íàìàãíi÷åíîñòi â îáîõ ÀÔÌ, ïîøèðåííÿ íàäêðèòè÷íî¨ õâèëi íàìàãíi-

÷åíîñòi â îáîõ ÀÔÌ, ðîçïîâñþäæåííÿ äîêðèòè÷íî¨ õâèëi íàìàãíi÷åíîñòi â

îäíîìó ÀÔÌ òà íàäêðèòè÷íî¨ õâèëi íàìàãíi÷åíîñòi â iíøîìó. Äëÿ êîæíîãî

âèïàäêó îáðàõîâàíî ïåðiîä òà ÷àñòîòà âiäïîâiäíî¨ ñïiíîâî¨ õâèëi, çíàéäåíî

óìîâó çàñòîñîâíîñòi äîâãîõâèëüîâîãî íàáëèæåííÿ, ïðîâåäåíî ÷èñåëüíi åêñïå-

ðèìåíòè.

Ðåçóëüòàòè ðîçäiëó âèêëàäåíî ó ïóáëiêàöiÿõ çäîáóâà÷à [1], [3].
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ÂÈÑÍÎÂÊÈ

Îòæå, â äèñåðòàöiéíié ðîáîòi çðîáëåíî âíåñîê ó òåîðiþ ïåðiîäè÷íèõ

ìóëüòèøàðîâèõ íàíîñòðóêòóð òèïó àíòèôåðîìàãíåòèê�àíòèôåðîìàãíåòèê ç

îäíîîñíîþ ìàãíiòíîþ àíiçîòðîïi¹þ. Âèâåäåíî ãðàíè÷íi óìîâè äëÿ âåêòîðà

àíòèôåðîìàãíåòèçìà íà ÷îòèðüîõïiäãðàòêîâîìó iíòåðôåéñi ìiæ äâîìà äâî-

õïiäãðàòêîâèìè àíòèôåðîìàãíåòèêàìè ç îäíîîñüîâîþ ìàãíiòíîþ àíiçîòðîïi-

¹þ, çíàéäåíî çàêîíîìiðíîñòi ðîçïîâñþäæåííÿ íåëiíiéíèõ ñïiíîâèõ õâèëü â

àíòèôåðîìàãíiòíèõ ìàãíîííèõ êðèñòàëàõ. Óñi îñíîâíi ðåçóëüòàòè ¹ íîâèìè.

Äî îñíîâíèõ ðåçóëüòàòiâ äèñåðòàöi¨ ìîæóòü áóòè âiäíåñåíi òàêi:

1. Ãðàíè÷íi óìîâè äëÿ ðiâíÿííÿ Ëàíäàó�Ëiôøèöÿ â ñiãìà-ìîäåëi íà ií-

òåðôåéñi ìiæ äâîìà äâîõ ïiä ðàòêîâèìè àíòèôåðîìàãíåòèêàìè, îòðèìàíi â

äàíié äèñåðòàöiéíié ðîáîòi, ¹ àíàëîãi÷íèìè äî ãðàíè÷íèõ óìîâ íà iíòåðôåéñi

ìiæ äâîìà ôåðîìàãíåòèêàìè ç òi¹þ âiäìiííiñòþ, ùî â íèõ âõîäèòü âåêòîð

àíòèôåðîìàãíåòèçìó çàìiñòü âåêòîðà íàìàãíi÷åíîñòi.

2. Øâèäêîñòi íåëiíiéíèõ ñïiíîâèõ õâèëü â àíòèôåðîìàãíiòíîìó ìàãíîí-

íîìó êðèñòàëi ÿê â äîêðèòè÷íîìó ðåæèìi, òàê i â çìiøàíîìó òà íàäêðèòè÷íî-

ìó çàëåæàòü íå òiëüêè âiä âëàñòèâîñòåé àíòèôåðîìàãíiòíèõ ìàòåðiàëiâ, à é

âiä äîâiëüíîãî ðàöiîíàëüíîãî ÷èñëà, òîìó ôîðìó¹òüñÿ çëi÷åííèé íàáið äîçâî-

ëåíèõ øâèäêîñòåé. Öÿ âëàñòèâiñòü íåëiíiéíèõ ñïiíîâèõ õâèëü â àíòèôåðîìà-

ãíiòíèõ ìàãíîííèõ êðèñòàëàõ äà¹ ïåðåâàãè äëÿ ¨õ âèêîðèñòàííÿ â ìàãíîííèõ

ïðèñòðîÿõ ïåðåäà÷i iíôîðìàöi¨.

3. Äîêðèòè÷íèé ðåæèì ðîçïîâñþäæåííÿ íåëiíiéíèõ ñïiíîâèõ õâèëü ðåà-

ëiçó¹òüñÿ â àíòèôåðîìàãíiòíèõ ìàãíîííèõ êðèñòàëàõ, ÿêi ñêëàäàþòüñÿ iç òà-

êèõ äâîõ àíòèôåðîìàãíiòíèõ ìàòåðiàëiâ, ÿêi ìàþòü ìàãíiòíó àíiçîòðîïiþ òè-

ïó ¾ëåãêà âiñü¿, íàïðèêëàä, â ìóëüòèøàðîâèõ ñòðóêòóðàõ òèïó MnN / MnPt.

4. Íàäêðèòè÷íèé ðåæèì ðîçïîâñþäæåííÿ íåëiíiéíèõ ñïiíîâèõ õâèëü ðå-

àëiçó¹òüñÿ â àíòèôåðîìàãíiòíèõ ìàãíîííèõ êðèñòàëàõ, ÿêi ñêëàäàþòüñÿ iç

òàêèõ äâîõ àíòèôåðîìàãíiòíèõ ìàòåðiàëiâ, ÿêi ìàþòü ìàãíiòíó àíiçîòðîïiþ

òèïó ¾ëåãêà ïëîùèíà¿, íàïðèêëàä, â ìóëüòèøàðîâèõ ñòðóêòóðàõ òèïó MnIr
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/ MnPd, MnIr /MnNi, MnIr /MnRd, MnPd / MnNi, MnPd / MnRd, MnNi /

MnRd, MnNi / MnPd.

5. Çìiøàíèé (òîáòî äî- òà íàäêðèòè÷íèé) ðåæèì ðîçïîâñþäæåííÿ íå-

ëiíiéíèõ ñïiíîâèõ õâèëü ðåàëiçó¹òüñÿ â àíòèôåðîìàãíiòíèõ ìàãíîííèõ êðè-

ñòàëàõ, ÿêi ñêëàäàþòüñÿ iç òàêèõ äâîõ àíòèôåðîìàãíiòíèõ ìàòåðiàëiâ, îäèí

ç ÿêèõ ìà¹ ìàãíiòíó àíiçîòðîïiþ òèïó ¾ëåãêà âiñü¿, à äðóãèé � ¾ëåãêà ïëî-

ùèíà¿, íàïðèêëàä, â ìóëüòèøàðîâèõ ñòðóêòóðàõ òèïó MnN / MnPd, MnN /

MnNi, MnN / MnRd, MnN /MnIr, MnPt / MnPd, MnPt / MnNi, MnPt / MnRd,

MnPt / MnIr.
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ÄÎÄÀÒÊÈ

Äîäàòîê A

Ñïèñîê óìîâíèõ cêîðî÷åíü òà ïîçíà÷åíü

AÔÌ � àíòèôåðîìàãíåòèê

ÔÌ � ôåðîìàãíåòèê

M⃗
(i)
k ( i � íîìåð ÀÔÌ, i = 1, 2 , k � íîìåð ïiäãðàòêè ÀÔÌ, k = 1, 2 ) �

ãóñòèíà ìàãíiòíîãî ìîìåíòó k -¨ ïiäãðàòêè äëÿ i -ãî ÀÔÌ

iíäåêñ i � âæèâà¹òüñÿ äëÿ ÀÔÌ ç íîìåðîì i , i ∈ {1, 2}
M0i =

(∣∣∣M⃗ (i)
1

∣∣∣+ ∣∣∣M⃗ (i)
2

∣∣∣) /2
M⃗ (i) � âåêòîð íàìàãíi÷åíîñòi äëÿ i -ãî ÀÔÌ

m⃗i � áåçðîçìiðíèé âåêòîð íàìàãíi÷åíîñòi

L⃗(i) � âåêòîð àíòèôåðîìàãíåòèçìó (âåêòîð Íååëÿ) äëÿ i -ãî ÀÔÌ

L
(i)
z � âåêòîð Íååëÿ âçäîâæ îñi àíiçîòðîïi¨ Oz (äëÿ i -ãî ÀÔÌ)

l⃗i � áåçðîçìiðíèé âåêòîð àíòèôåðîìàãíåòèçìó (âåêòîð Íååëÿ)

liz � êîìïîíåíòà áåçðîçìiðíîãî âåêòîðó Íååëÿ (àíòèôåðîìàãíåòèçìó)

âçäîâæ îñi àíiçîòðîïi¨ Oz äëÿ i -ãî ÀÔÌ

βki (k = 1, 2) � êîíñòàíòè àíiçîòðîïi¨ äëÿ i -ãî ÀÔÌ

αi > 0 , α′
i (αi > 0 , i = 1, 2 ) � íåîäíîðiäíi îáìiííi êîíñòàíòè

δi � êîíñòàíòà åíåðãi¨ îäíîðiäíîãî îáìiíó

γ � ãiðîìàãíiòíå âiäíîøåííÿ

ÂÄÌ � âçà¹ìîäiÿ Äçÿëîøèíñüêîãî�Ìîði¨

d⃗i � âåêòîð Äçÿëîøèíñüêîãî�Ìîði¨

δ0 � òîâùèíà ïåðåõiäíî¨ îáëàñòi (iíòåðôåéñó) ìiæ äâîìà ÀÔÌ

|a| ≪ |b| � âåëè÷èíà |a| íàáàãàòî ìåíøà çà âåëè÷èíó |b|
H⃗0 � çîâíiøí¹ ìàãíiòíå ïîëå

h⃗0i = H⃗0/ (2M0i) , äå M0i =
(∣∣∣M⃗ (i)

1

∣∣∣+ ∣∣∣M⃗ (i)
2

∣∣∣) /2
A11 , A12 , A21 , A22 � êîíñòàíòè îäíîðiäíîãî îáìiíó ìiæ ïiäãðàòêàìè

ðiçíèõ ÀÔÌ â iíòåðôåéñi

a⃗ · b⃗ � ñêàëÿðíèé äîáóòîê âåêòîðiâ a⃗ òà b⃗
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a⃗× b⃗

]
àáî a⃗× b⃗ � âåêòîðíèé äîáóòîê âåêòîðiâ a⃗ òà b⃗

Wi � åíåðãiÿ i -ãî ÀÔÌ (ç óðàõóâàííÿì âçà¹ìîäi¨ Äçÿëîøèíñüêîãî�

Ìîði¨)

wi � îá'¹ìíà ãóñòèíà åíåðãi¨ i -ãî ÀÔÌ

WS � åíåðãiÿ iíòåðôåéñó

wS � ïîâåðõíåâà ãóñòèíà åíåðãi¨ iíòåðôåéñó

w = w1 + w2 + wS � ïîâíà ãóñòèíà ìàãíiòíî¨ åíåðãi¨ ìàãíîííîãî

êðèñòàëó

H⃗ef
mi , H⃗

ef
li � åôåêòèâíi ïîëÿ äëÿ i -ãî ÀÔÌ

amm , alm , aml , all � îáìiííi êîíñòàíòè

h⃗ef
mi , h⃗

ef
li � áåçðîçìiðíi åôåêòèâíi ìàãíiòíi ïîëÿ

∼ � ïîçíà÷à¹ çíàê ïðîïîðöiéíîñòi

e⃗x , e⃗y , e⃗z � îðòè îñåé Ox , Oy òà Oz âiäïîâiäíî

(r, θ, φ) � ñôåðè÷íi êîîðäèíàòè

θi = θi(x, y, z, t) ∈ [−π, π] , φi = φi(x, y, z, t) ∈ (−∞,+∞) � àçèìó-

òàëüíèé òà ïîëÿðíèé êóòè âåêòîðiâ L⃗(i) âiäïîâiäíî

a⃗ ⇈ b⃗ � âåêòîðè a⃗ i b⃗ ¹ ñïiâíàïðÿìëåíèìè

a⃗ ⊥ b⃗ � âåêòîðè a⃗ i b⃗ ¹ ïåðïåíäèêóëÿðíèìè

l0i =
ci
ω0i

� õàðàêòåðíi äîâæèíè

vi � øâèäêiñòü ñïiíîâî¨ õâèëi äëÿ i -ãî ÀÔÌ

K(k) � ïîâíèé åëiïòè÷íèé iíòåãðàë ïåðøîãî ðîäó

λSW (λ(i)
SW ) � äîâæèíà ñïiíîâî¨ õâèëi (äëÿ i -ãî ÀÔÌ âiäïîâiäíî)
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Äîäàòîê B

Âèâåäåííÿ ïîêîìïîíåíòíî¨ ôîðìè ðiâíÿííÿ (2.8)

Ïiäñòàâëÿþ÷è â ðiâíÿííÿ (2.8) âèðàçè äëÿ l⃗i , i = 1, 2 , ó âèãëÿäi (2.4),

i ïðèïóñòèâøè, ùî çîâíiøí¹ ìàãíiòíå ïîëå òà âåêòîð Äçÿëîøèíñüêîãî�Ìîði¨

äëÿ îáîõ ÀÔÌ ñïðÿìîâàíi óçäîâæ îñi ìàãíiòíî¨ àíiçîòðîïi¨, òàê ùî

h⃗0i = h0i e⃗z, d⃗i = di e⃗z, i = 1, 2,

îòðèìó¹ìî ïîñëiäîâíi ñïiââiäíîøåííÿ

∂h⃗0i

∂t
=

∂h0i

∂t
e⃗z,
(
l⃗i h⃗0i

)
= h0i e⃗z,

∂l⃗i
∂t

=

(
cos θi

∂θi
∂t

cosφi − sin θi sinφi
∂φi

∂t

)
e⃗x+

+

(
cos θi

∂θi
∂t

sinφi + sin θi cosφi
∂φi

∂t

)
e⃗y−

− sin θi
∂θi
∂t

e⃗z,
∂2l⃗i
∂t2

=

(
cos θi cosφi

∂2θi
∂t2

− sin θi cosφi

(
∂θi
∂t

)2

−

− 2 cos θi sinφi
∂θi
∂t

∂φi

∂t
−

− sin θi cosφi

(
∂φi

∂t

)2

− sin θi sinφi
∂2φi

∂t2

)
e⃗x+

+

(
cos θi sinφi

∂2θi
∂t2

− sin θi sinφi

(
∂θi
∂t

)2

+ 2 cos θi cosφi
∂θi
∂t

∂φi

∂t
−

− sin θi sinφi

(
∂φi

∂t

)2

+ sin θi cosφi
∂2φi

∂t2

)
e⃗y+

+

(
− cos θi

(
∂θi
∂t

)2

− sin θi
∂2θi
∂t2

)
e⃗z,

[
h⃗0i × d⃗i

]
= 0,

[⃗
li × h⃗0i

]
= h0i


sin θi sinφi

− sin θi cosφi

0

 ,

4

γ M0i δi

(
h⃗0i l⃗i

) ∂l⃗i
∂t

− 1

δi

[⃗
li × h⃗0i

] (
l⃗i h⃗0i

)
− 2

γ M0iδi

∂h⃗0i

∂t
=
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= h0i cos θi

(
4

γ M0i δi

(
cos θi cosφi

∂θi
∂t

− sin θi sinφi
∂φi

∂t

)
−

− 1

δi
h0i sin θi sinφi

)
e⃗x+

+h0i cos θi

(
4

γ M0i δi

(
cos θi sinφi

∂θi
∂t

+ sin θi cosφi
∂φi

∂t

)
+

+
1

δi
h0i sin θi cosφi

)
e⃗y+

+

(
−h0i cos θi

4

γ M0i δi
sin θi

∂θi
∂t

− 2

γ M0i δi

∂h0i

∂t

)
e⃗z,

∂lix
∂xj

= cos θi cosφi
∂θi
∂t

− sin θi sinφi
∂φi

∂t
,

òóò i íàäàëi x1 = x , x2 = y , x3 = z , i = 1, 2 ,

∂2lix
∂x2j

= cos θi cosφi
∂2θi
∂x2j

− sin θi cosφi

(
∂θi
∂xj

)2

− 2 cos θi sinφi
∂θi
∂xj

∂φi

∂xj
−

− sin θi cosφi

(
∂φi

∂xj

)2

− sin θi sinφi
∂2φi

∂x2j
,

çâiäñè îäåðæó¹ìî âèðàç îïåðàòîðà Ëàïëàñà äëÿ lix :

∆lix =
∂2lix
∂x2j

= cos θi cosφi∆θi−

− sin θi cosφi

(
∇⃗θi

)2
− 2 cos θi sinφi ∇⃗θi ∇⃗φi−

− sin θi cosφi

(
∇⃗φi

)2
− sin θi sinφi∆φi,

àíàëîãi÷íî îäåðæó¹ìî ôîðìóëè

∂liy
∂xj

= cos θi sinφi
∂θi
∂t

+ sin θi cosφi
∂φi

∂t
,

∂2liy
∂x2j

= cos θi sinφi
∂2θi
∂x2j

− sin θi sinφi

(
∂θi
∂xj

)2

+ 2 cos θi cosφi
∂θi
∂xj

∂φi

∂xj
−

− sin θi sinφi

(
∂φi

∂xj

)2

+ sin θi cosφi
∂2φi

∂x2j
,

∆liy =
∂2lix
∂x2j

= cos θi sinφi∆θi − sin θi sinφi

(
∇⃗θi

)2
+
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+2 cos θi cosφi ∇⃗θi ∇⃗φi−

− sin θi sinφi

(
∇⃗φi

)2
+ sin θi cosφi∆φi,

∂liz
∂xj

= − sin θi
∂θi
∂xj

,
∂2liz
∂x2j

= − cos θi

(
∂θi
∂xj

)2

− sin θi
∂2θi
∂x2j

,

∆liz = − cos θi

(
∇⃗θi

)2
− sin θi∆θi,

[⃗
li ×∆l⃗i

]
=


liy ∆liz − liz ∆liy

liz ∆lix − lix∆liz

lix∆liy − liy ∆lix

 ,

[
l⃗i ×

∂2l⃗i
∂t2

]
=


liy

∂2liz
∂t2 − liz

∂2liy
∂t2

liz
∂2lix
∂t2 − lix

∂2liz
∂t2

lix
∂2liy
∂t2 − liy

∂2lix
∂t2

 ,

[⃗
li ×∆l⃗i

]
= e⃗x

(
sin θi sinφi

(
− cos θi

(
∇⃗θi

)2
− sin θi∆θi

)
−

− cos θi
(
cos θi sinφi∆θi − sin θi sinφi

(
∇⃗θi

)2
+

+2 cos θi cosφi ∇⃗θi ∇⃗φi − sin θi sinφi

(
∇⃗φi

)2
+ sin θi cosφi∆φi

))
+

+e⃗y

(
cos θi

(
cos θi cosφi∆θi − sin θi cosφi

(
∇⃗θi

)2
− 2 cos θi sinφi∇⃗θi ∇⃗φi−

−sin θi cosφi

(
∇⃗φi

)2
− sin θi sinφi∆φi

)
−

− sin θi cosφi

(
− cos θi

(
∇⃗θi

)2
− sin θi∆θi

))
+

+e⃗z

(
sin θi cosφi

(
cos θi sinφi∆θi − sin θi sinφi

(
∇⃗θi

)2
+

+ 2 cos θi cosφi ∇⃗θi ∇⃗φi−

− sin θi sinφi

(
∇⃗φi

)2
+ sin θi cosφi∆φi

)
− sin θi sinφi (cos θi cosφi∆θi−

− sin θi cosφi

(
∇⃗θi

)2
− 2 cos θi sinφi ∇⃗θi∇⃗φi−

− sin θi cosφi

(
∇⃗φi

)2
− sin θi sinφi∆φi

))
.

Ç îäåðæàíèõ ôîðìóë çíàõîäèìî êîîðäèíàòè äëÿ
[⃗
li ×∆l⃗i

]
:[⃗

li ×∆l⃗i

]
x
=
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= sin θi sinφi

(
− cos θi

(
∇⃗θi

)2
− sin θi∆θi

)
− cos θi

(
cos θi sinφi∆θi−

− sin θi sinφi

(
∇⃗θi

)2
+ 2 cos θi cosφi ∇⃗θi∇⃗φi−

− sin θi sinφi

(
∇⃗φi

)2
+ sin θi cosφi∆φi

)
=

= − sin θi sinφi cos θi

(
∇⃗θi

)2
− sin2 θi sinφi∆θi − cos2 θi sinφi∆θi+

+sin θi sinφi cos θi

(
∇⃗θi

)2
− 2 cos2 θi cosφi ∇⃗θi ∇⃗φi+

+sin θi sinφi cos θi

(
∇⃗φi

)2
−

− sin θi cosφi cos θi∆φi = − sinφi∆θi − 2 cos2 θi cosφi ∇⃗θi ∇⃗φi+

+sin θi sinφi cos θi

(
∇⃗φi

)2
− sin θi cosφi cos θi∆φi;[⃗

li ×∆l⃗i

]
y
=

= cos θi
(
cos θi cosφi∆θi − sin θi cosφi

(
∇⃗θi

)2
− 2 cos θi sinφi∇⃗θi ∇⃗φi−

−sin θi cosφi

(
∇⃗φi

)2
− sin θi sinφi∆φi

)
−

− sin θi cosφi

(
− cos θi

(
∇⃗θi

)2
− sin θi∆θi

)
=

= cos2 θi cosφi∆θi − sin θi cos θi cosφi

(
∇⃗θi

)2
− 2 cos2 θi sinφi∇⃗θi ∇⃗φi−

− sin θi cos θi cosφi

(
∇⃗φi

)2
− sin θi cos θi sinφi∆φi+

+sin θi cos θi cosφi

(
∇⃗θi

)2
+

+sin2 θi cosφi∆θi = cosφi∆θi − 2 cos2 θi sinφi ∇⃗θi ∇⃗φi−

− sin θi cos θi cosφi

(
∇⃗φi

)2
− sin θi cos θi sinφi∆φi;[⃗

li ×∆l⃗i

]
z
=

= sin θi cosφi

(
cos θi sinφi∆θi − sin θi sinφi

(
∇⃗θi

)2
+ 2 cos θi cosφi ∇⃗θi ∇⃗φi−

− sin θi sinφi

(
∇⃗φi

)2
+ sin θi cosφi∆φi

)
− sin θi sinφi (cos θi cosφi∆θi−

− sin θi cosφi

(
∇⃗θi

)2
− 2 cos θi sinφi ∇⃗θi∇⃗φi − sin θi cosφi

(
∇⃗φi

)2
−
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− sin θi sinφi∆φi

)
=

= sin θi cos θi sinφi cosφi∆θi − sin2 θi sinφi cosφi

(
∇⃗θi

)2
+

+2 sin θi cos θi cos
2 φi∇⃗θi∇⃗φi−

− sin2 θi sinφi cosφi

(
∇⃗φi

)2
+ sin2 θi cos

2 φi∆φi−

− sin θi cos θi sinφi cosφi∆θi+

+sin2 θi sinφi cosφi

(
∇⃗θi

)2
+

+2 sin θi cos θi sin
2 φi ∇⃗θi∇⃗φi + sin2 θi sinφi cosφi

(
∇⃗φi

)2
+

+sin2 θi sin
2 φi∆φi = 2 sin θi cos θi ∇⃗θi ∇⃗φi + sin2 θi∆φi.

Ç îäåðæàíèõ ôîðìóë äëÿ êîîðäèíàò
[⃗
li ×∆l⃗i

]
ìà¹ìî ðiâíiñòü[⃗

li ×∆l⃗i

]
= e⃗x

(
− sinφi∆θi − 2 cos2 θi cosφi ∇⃗θi ∇⃗φi+

+ sin θi sinφi cos θi

(
∇⃗φi

)2
− sin θi cosφi cos θi∆φi

)
+

e⃗y

(
cosφi∆θi − 2 cos2 θi sinφi ∇⃗θi ∇⃗φi − sin θi cos θi cosφi

(
∇⃗φi

)2
−

− sin θi cos θi sinφi∆φi

)
+ e⃗z

(
2 sin θi cos θi ∇⃗θi ∇⃗φi + sin2 θi∆φi

)
,[

l⃗i ×
∂2l⃗i
∂t2

]
=

(
sin θi sinφi

(
− cos θi

(
∂θi
∂t

)2

− sin θi
∂2θi
∂t2

)
−

− cos θi

(
cos θi sinφi

∂2θi
∂t2

− sin θi sinφi

(
∂θi
∂t

)2

+ 2 cos θi cosφi
∂θi
∂t

∂φi

∂t
−

− sin θi sinφi

(
∂φi

∂t

)2

+ sin θi cosφi
∂2φi

∂t2

))
e⃗x+

+

(
cos θi

(
cos θi cosφi

∂2θi
∂t2

− sin θi cosφi

(
∂θi
∂t

)2

− 2 cos θi sinφi
∂θi
∂t

∂φi

∂t
−

− sin θi cosφi

(
∂φi

∂t

)2

−

− sin θi sinφi
∂2φi

∂t2

)
− sin θi cosφi

(
− cos θi

(
∂θi
∂t

)2

− sin θi
∂2θi
∂t2

))
e⃗y+
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+

(
sin θi cosφi

(
cos θi sinφi

∂2θi
∂t2

−

− sin θi sinφi

(
∂θi
∂t

)2

+ 2 cos θi cosφi
∂θi
∂t

∂φi

∂t
−

−sin θi sinφi

(
∂φi

∂t

)2

+ sin θi sinφi
∂2φi

∂t2

)
− sin θi sinφi

(
cos θi cosφi

∂2θi
∂t2

−

− sin θi cosφi

(
∂θi
∂t

)2

− 2 cos θi sinφi
∂θi
∂t

∂φi

∂t
− sin θi cosφi

(
∂φi

∂t

)2

−

− sin θi sinφi
∂2φi

∂t2

))
e⃗z.

Çà äîïîìîãîþ îäåðæàíî¨ ôîðìóëè ñïðîñòèìî êîìïîíåíòè âåêòîðà[⃗
li × ∂2 l⃗i

∂t2

]
: [

l⃗i ×
∂2l⃗i
∂t2

]
x

= − sinφi
∂2θi
∂t2

−

−2 cos2 θi cosφi
∂θi
∂t

∂φi

∂t
+ sin θi sinφi cos θi

(
∂θi
∂t

)2

− sin θi cosφi cos θi
∂2θi
∂t2

,[
l⃗i ×

∂2l⃗i
∂t2

]
y

= cosφi
∂2θi
∂t2

− 2 cos2 θi sinφi
∂θi
∂t

∂φi

∂t
−

− sin θi cos θi cosφi

(
∂φi

∂t

)2

− sin θi cos θi sinφi
∂2φi

∂t2
,[

l⃗i ×
∂2l⃗i
∂t2

]
z

= 2 sin θi cos θi
∂θi
∂t

∂φi

∂t
+ sin2 θi

∂2φi

∂t2
.

Âðàõîâóþ÷è îäåðæàíi ôîðìóëè êîìïîíåíò âåêòîðà
[⃗
li × ∂2 l⃗i

∂t2

]
, ïðèõîäè-

ìî äî ôîðìóëè äëÿ
[⃗
li × ∂2 l⃗i

∂t2

]
:[

l⃗i ×
∂2l⃗i
∂t2

]
=

(
− sinφi

∂2θi
∂t2

−

−2 cos2 θi cosφi
∂θi
∂t

∂φi

∂t
+ sin θi sinφi cos θi

(
∂θi
∂t

)2

−

−sin θi cosφi cos θi
∂2θi
∂t2

−

)
e⃗x+
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+

(
cosφi

∂2θi
∂t2

− 2 cos2 θi sinφi
∂θi
∂t

∂φi

∂t
− sin θi cos θi cosφi

(
∂φi

∂t

)2

−

− sin θi cos θi sinφi
∂2φi

∂t2

)
e⃗y +

(
2 sin θi cos θi

∂θi
∂t

∂φi

∂t
+ sin2 θi

∂2φi

∂t2

)
e⃗z.

Ïðîäîâæóþ÷è çäiéñíþâàòè íåîáõiäíi îáðàõóíêè, îäåðæó¹ìî:

(
l⃗i d⃗i

) [
d⃗i × l⃗i

]
= d2i cos θi


− sin θi sinφi

sin θi cosφi

0

 ,

liz

[⃗
li × e⃗z

]
= cos θi


sin θi sinφi

− sin θi cosφi

0

 .

Âðàõîâóþ÷è çíàéäåíi âèðàçè, îäåðæó¹ìî, ùî ðiâíÿííÿ (2.8) ó ïîêîì-

ïîíåíòíîìó âèãëÿäi (ïðîåêöi¨ íà îñi Ox , Oy , Oz âiäïîâiäíî) äëÿ êîæíîãî

ÀÔÌ, i ∈ {1, 2} , íàáóâà¹ âèãëÿäó ñèñòåìè (2.9).
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Äîäàòîê Ñ

Àíàëiòè÷íi ðîçâ'ÿçêè ñèñòåìè ðiâíÿíü Ëàíäàó-Ëiôøèöÿ,

ÿêi îïèñóþòü íåëiíiéíi ñïiíîâi õâèëi â

àíòèôåðîìàãíiòíîìó ìàãíîííîìó êðèñòàëi

Çàïèøåìî àâòîìîäåëüíèé ðîçâ'ÿçîê ðiâíÿííÿ (2.15) äëÿ ñïiíî-

âî¨ õâèëi, ùî ðîçïîâñþäæó¹òüñÿ çi øâèäêiñòþ v óçäîâæ îñi Oz .

Äëÿ öüîãî ñïî÷àòêó ïðåäñòàâèìî ðîçâ'ÿçîê äëÿ êóòà φL ó âèãëÿäi

φL (r⃗, t) =
∫
ωH dt + φ̃L (x, y, z) . Ïiñëÿ öüîãî ìè ìîæåìî çàïèñàòè àâòîìî-

äåëüíèé ðîçâ'ÿçîê â íàñòóïíîìó âèãëÿäi:{
θL (r⃗, t) = θL (x, y, z − vit) ,

φL (r⃗, t) = ωHi t+ φ̃L (x, y, z − vit) ,
(2.58)

äå ωH = γ|H0| (äëÿ âèïàäêó çìiííîãî ç ÷àñîì H⃗0 ìè ìà¹ìî çàìiíèòè âåëè÷è-

íó ωHt íà
∫
ωH dt ). ßê ìîæíà áà÷èòè ç (2.58), äëÿ òàêîãî ðîçâ'ÿçêó ïîõiäíó

ïî ÷àñó ìîæíà çàìiíèòè íà ïîõiäíó ïî êîîðäèíàòi z : ∂
∂t → −v ∂

∂z . Ïiñëÿ òàêî¨

çàìiíè îòðèìó¹ìî
ci

2∆θL − v2i
∂2θL
∂t2 +(

v2i

(
∂φ̃L

∂t

)2
− ci

2
(
∇⃗φ̃L

)2
− ω2

0i sgn β1

)
sin θL cos θL = 0,

ci
2 div

(
sin2 θL ∇⃗φ̃L

)
= −vi

∂
∂z

(
sin2 θL

(
−vi

∂φ̃L

∂z

))
.

(2.59)

Ïåðåòâîðèìî öþ ñèñòåìó äî áiëüø ñèìåòðè÷íîãî âèãëÿäó:

∂2θL
∂x2 + ∂2θL

∂y2 +
(
1− v2i

c2i

)
∂2θL
∂z2 −

−
((

∂φ̃L

∂x

)2
+
(
∂φ̃L

∂y

)2
+
(
1− v2i

c2i

)(
∂φ̃L

∂z

)2
+ ω2

0i

c2i
sgn β1

)
sin θL cos θL = 0,

∂
∂x

(
sin2 θL

∂φ̃L

∂x

)
+ ∂

∂y

(
sin2 θL

∂φ̃L

∂y

)
+
(
1− v2i

c2i

)
∂
∂z

(
sin2 θL

∂φ̃L

∂z

)
= 0.

(2.60)

Òàêà ñèñòåìà ðiâíÿíü ìiñòèòü ïðîñòîðîâi òà ÷àñîâi ïîõiäíi òiëüêè ó

Ëîðåíö�iíâàðiàíòíèõ êîìáiíàöiÿõ, ïðè÷îìó ðîëü øâèäêîñòi ñâiòëà ãðà¹ ââå-

äåíà âèùå õàðàêòåðíà øâèäêiñòü c . Îòæå, äëÿ âèïàäêó v < c âèêîðèñòà¹ìî

ïåðåòâîðåííÿ ïðîñòîðó, ïîäiáíå äî ðåëÿòèâiñòñüêîãî ïåðåòâîðåííÿ Ëîðåíöà,
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äëÿ ðîçâ'ÿçêó (2.60). Îñêiëüêè íà âiäìiíó âiä ðåëÿòèâiñòñüêî¨ òåîði¨ øâèä-

êiñòü ñïiíîâî¨ ìîæå ïåðåâèùóâàòè ¾ñâiòëîâó¿ øâèäêiñòü c , ðîçãëÿíåìî òàêîæ

¾íàäñâiòëîâèé¿ âèïàäîê v > c ç âiäïîâiäíèìè Ëîðåíö�ïîäiáíèìè ïåðåòâîðå-

ííÿìè ïðîñòîðó. Îêðåìî äîñëiäèìî âèïàäîê v = c .

Äîñëiäèìî ñïî÷àòêó âèïàäîê, êîëè øâèäêiñòü ñïiíîâî¨ õâèëi ìåíøà çà

õàðàêòåðíó øâèäêiñòü c , òàê ùî v < c . Äëÿ òàêîãî âèïàäêó çàñòîñó¹ìî

íàñòóïíå Ëîðåíö�ïîäiáíå ïåðåòâîðåííÿ ïðîñòîðó, ââîäÿ÷è íîâi êîîðäèíàòè

(X1, X2, X3) :

X1 = x, X2 = y, X3 =
z√

1− v2

c2

. (2.61)

Ïiñëÿ çàñòîñóâàííÿ òàêî¨ çàìiíè ñèñòåìà (2.60) ïåðåòâîðþ¹òüñÿ íà âi-

äîìó ñèñòåìó äëÿ ñòàòè÷íîãî ðîçïîäiëó âåêòîðà íàìàãíi÷åíîñòi ó ôåðîìà-

ãíåòèêó òà âåêòîðà àíòèôåðîìàãíåòèçìó ó àíòèôåðîìàãíåòèêó (äèâ., íàïðè-

êëàä, [27]):

∂2θL
∂X2

1
+ ∂2θL

∂X2
2
+ ∂2θL

∂X2
3
−

−
((

∂φ̃L

∂X1

)2
+
(
∂φ̃L

∂X2

)2
+
(
∂φ̃L

∂X3

)2
+ ω2

0

c2i
sgn β1

)
sin θL cos θL = 0,

∂
∂X1

(
sin2 θL

∂φ̃L

∂X1

)
+ ∂

∂X2

(
sin2 θL

∂φ̃L

∂X2

)
+ ∂

∂X3

(
sin2 θL

∂φ̃L

∂X3

)
= 0.

(2.62)

Âèêîðèñòà¹ìî íàñòóïíèé ðîçâ'ÿçîê ñèñòåìè (2.62) (äèâ., íàïðèêëàä,

[27]):  tg
(
θL
2

)
= H (P (X1, X2, X3)) ,

φ̃L = Q (P (X1, X2, X3)) ,
(2.63)

äå H,P,Q � äåÿêi äîïóñòèìi ôóíêöi¨. Äëÿ ïåðåòâîðåííÿ ñèñòåìè (2.62), ïi-

ñëÿ çàìiíè (2.61), çàïèøåìî íàñòóïíi ñïiââiäíîøåííÿ, ïîçíà÷àþ÷è, H ′ = dH
dP ,

H ′′ = d2H
dP 2 (ïðè öüîìó, Xi ðîçóìi¹ìî äëÿ êîæíîãî i = 1, 2, 3 ):

sin θL = ± 2H

1 +H2
, (2.64)



137

cos θL = 1−H2

1+H2 ,

∂θL
∂Xi

= 2 1
1+H2

∂H
∂Xi

= 2H ′

1+H2
∂P
∂Xi

,

∂2θL
∂X2

i
= 2

(
H ′′(1+H2)−2H ′HH ′

(1+H2)2

(
∂P
∂Xi

)2
+ H ′

1+H2
∂2P
∂X2

i

)
=

= 2
1+H2

(
H ′ ∂2P

∂X2
i
+
(
H ′′ − 2H(H ′)2

1+H2

)(
∂P
∂Xi

)2)
,

∂
∂Xi

sin2 θL = 2
(
± 2H

1+H2

) (
1−H2

1+H2

)
2H ′

1+H2
∂P
∂Xi

=

= ±8H(1−H2)H ′

(1+H2)3
∂P
∂Xi

,

∂
∂Xi

(
sin2 θL

∂φ̃L

∂Xi

)
= ±8H(1−H2)H ′

(1+H2)3
∂P
∂Xi

∂Q
∂Xi

+ 4H2

(1+H2)2
∂2Q
∂X2

i
.

(2.65)

Âèêîðèñòîâóþ÷è öi ñïiââiäíîøåííÿ, ìîæíà ïåðåïèñàòè (2.62) íàñòóïíèì

÷èíîì: 

2
1+H2

(
H ′∑

i

∂2P
∂X2

i
+
(
H ′′ − 2H(H ′)2

1+H2

)∑
i

(
∂P
∂Xi

)2)
±

±
(∑

i

(
∂Q
∂Xi

)2
+ ω2

0

c2i
sgn β1

)
2H(1−H2)
(1+H2)2 = 0,

±8H(1−H2)H ′

(1+H2)3

∑
i

∂P
∂Xi

∂Q
∂Xi

+ 4H2

(1+H2)2

∑
i

∂2Q
∂X2

i
= 0.

(2.66)

Îáåðåìî äëÿ çðó÷íîñòi çíàê ¾+¿ ó âèðàçi (2.64) äëÿ sin θL (âñi àíàëîãi÷íi

îá÷èñëåííÿ ìîæóòü áóòè ïðîðîáëåíi äëÿ çíàêó ¾�¿). Òîäi ñèñòåìà ðiâíÿíü

(2.66) ñïðàâäæó¹òüñÿ, çîêðåìà, ïðè âèêîíàííi íàñòóïíî¨ ñèñòåìè óìîâ äëÿ

ôóíêöi¨ H,P i Q âiäïîâiäíî:

H ′′ − 2H (H ′)2

1 +H2
−

H
(
1−H2

)
1 +H2

= 0, (2.67)

∆̃P :=
3∑

i=1

∂2P

∂X2
i

, ∆̃Q = 0, (2.68)

3∑
i=1

∂P

∂Xi

∂Q

∂Xi
= 0, (2.69)

3∑
i=1

(
∂P

∂Xi

)2

=
∑
i

(
∂Q

∂Xi

)2

+
ω2
0

c2i
sgn β1, (2.70)

(ìè ââåëè ó ðîçãëÿä îïåðàòîð ∆̃ ≡
∑
i

∂2

∂X2
i
).
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Ââîäèìî íîâó ôóíêöiþ K(H) = H ′(P ) . Òîäi ðiâíÿííÿ (2.67) íàáóäå

âèãëÿäó
1

2

(
1 +H2

) d(K2)

dH
− 2HK2 −H(1−H2) = 0.

Òàêå ðiâíÿííÿ ðîçâ'ÿçó¹òüñÿ ñòàíäàðòíèìè ìåòîäàìè, éîãî ðîçâ'ÿçîê ìî-

æå áóòè çîáðàæåíèé (ó çàãàëüíîìó âèïàäêó) ó âèãëÿäi (äèâ., íàïðèêëàä,

[27�29]):

P (H) = ±
∫

dH√
H2 + C(1 +H2)2

, (2.71)

äå C � äîâiëüíà äiéñíà ñòàëà.

Äëÿ −1
4 < C < 0 ðîçâ'ÿçîê ìîæíà çàïèñàòè çà äîïîìîãîþ åëiïòè÷íî¨

ôóíêöi¨ ßêîái dn ó âèãëÿäi:

H(P ) =
b

dn
(
a
√

|C|P (X1, X2, X3), k1

) ,
äå

a =

√
1 + 2C +

√
1 + 4C

2|C|
, b =

√
1 + 2C −

√
1 + 4C

2|C|
,

k1 =

√
2
√
1 + 4C

1 + 2C +
√
1 + 4C

,

òàê ùî 
tg
(
θL
2

)
= b

dn
(
a
√

|C|P (X1,X2,X3), k1

) ,
φL = ωHt+Q (X1, X2, X3) ;

(2.72)

à äëÿ C > 0 ó âèãëÿäi:

H(P ) =

√√√√√1− sn
(
P (X1,X2,X3)

k2
, k2

)
1 + sn

(
P (X1,X2,X3)

k2
, k2

) ,
äå k2 = 1/

√
1 + 4C .

Çàóâàæóþ÷è, ùî tg2
(
θL
2

)
= 1−cos θL

1+cos θL
, ôîðìóëó ðîçâ'ÿçêó (2.72) ìîæíà

ïåðåòâîðèòè äî âèãëÿäó
cos θL = sn

(
P (X1,X2,X3)

k2
, k2

)
,

φL = ωHt+Q (X1, X2, X3) .

(2.73)
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Ïðîàíàëiçó¹ìî òåïåð ñèñòåìó ðiâíÿíü (2.68)�(2.70) äëÿ ôóíêöié P , Q .

Çâàæàþ÷è íà ñèìåòðiþ çàäà÷i, ðîçiá'¹ìî óìîâè (2.68)�(2.70) íà ñèìåòðè÷íi

óìîâè ïî X1 , X2 òà îêðåìó óìîâó ïî X3 . Òàê, óìîâà (2.69) âèêîíó¹òüñÿ,

çîêðåìà, ÿêùî ôóíêöi¨ P , Q çàäîâîëüíÿþòü óìîâó Êîøi�Ðiìàíà äëÿ ôóí-

êöié P , Q (âiäïîâiäíî äiéñíî¨ òà óÿâíî¨ ÷àñòèí êîìïëåêñíîçíà÷íîú ôóíêöi¨

ôóíêöi¨ çìiííî¨ P + iQ X1 + iX2 ) ó ïëîùèíi (X1, X2) , ïðè÷îìó îäíà ç öèõ

äâîõ ôóíêöié (Q ïðè β1 > 0 , P ïðè β1 < 0 ) íå çàëåæèòü âiä X3 . Òàêèì

÷èíîì, äðóãà ôóíêöiÿ (â äàíîìó âèïàäêó P ) çàëåæèòü âiä X3 ëiíiéíî, òàê

ùî ç (2.70) ïðè β1 > 0 , îäåðæó¹ìî

P =
ω0

c
X3 + p(X1, X2), Q = Q(X1, X2), (2.74)

äå p(X1, X2) �� äåÿêà äîïóñòèìà ôóíêöiÿ äâîõ çìiííèõ. Óìîâè Êîøi�Ðiìàíà

äëÿ, çàïèñàíî¨ òàêèì ÷èíîì ôóíêöi¨ P
∂P
∂X1

= − ∂Q
∂X2

,

∂P
∂X2

= ∂Q
∂X1

,
, (2.75)

íàáóäóòü âèãëÿäó: 
∂p
∂X1

= − ∂Q
∂X2

,

∂p
∂X2

= ∂Q
∂X1

.
(2.76)

Ïðè β1 < 0 , âiäïîâiäíî:

Q =
ω0

c
X3 + q (X1, X2) , P = P (X1, X2) ,

∂P
∂X1

= − ∂q
∂X2

,

∂P
∂X2

= ∂q
∂X1

.

Òàêèì óìîâàì âiäïîâiäà¹, íàïðèêëàä, ðîçâ'ÿçîê âèãëÿäó
P = ±X3

l0
Θ(β1) +

∑
i

ni ln (|r⃗ − r⃗0i|) + 2k
π K(k)

∑
i

ñiαi + C2,

Q = ±X3

l0
Θ(−β1)− 2k

π K(k)
∑
i

ñi ln (|r⃗ − r⃗0i|) +
∑
i

αini + C3,
(2.77)

äå r⃗ = 1
l0

(
x

y

)
=

(
X

Y

)
� áåçðîçìiðíèé ðàäióñ-âåêòîð òî÷êè ó ïëîùèíi (òóò
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i íàäàëi X = x/l0 , Y = y/l0 ), r⃗0i = 1
l0i

(
x0i

y0i

)
=

(
X0i

Y0i

)
� áåçðîçìiðíi ïëî-

ùèííi ðàäióñ-âåêòîðè äåÿêîãî íàáîðó òî÷îê, ni òà ñi � äîâiëüíi öiëi ÷èñëà,

αi � àçèìóòàëüíèé êóò âiäíîñíî òî÷êè r⃗0i , òàê ùî

αi = arctg

(
y − y0i
x− x0i

)
= arctg

(
Y − Y0i

X −X0i

)
,

ôóíêöi¨

Θ(ξ) =

 0, ξ ≤ 0,

1, ξ > 0,

K(k) =

π
2∫

0

dξ√
1− k2 sin2 ξ

(ïîâíèé åëiïòè÷íèé iíòåãðàë ïåðøîãî ðîäó), òóò k := ki , i = 1, 2 . Âðàõî-

âóþ÷è çàìiíó z → z − vit ó ôîðìóëàõ (2.58), îäåðæó¹ìî ¨õ ïåðåòâîðåíèé

âèãëÿä  θL (r⃗, t) = θL(X, Y, Zi),

φL (r⃗, t) = ωHt+ φ̃L (X, Y, Zi) ,

äå X = x , Y = y , Z = z − vt . Òîäi ðîçâ'ÿçîê (2.77) íàáóâà¹ âèãëÿäó
P = ±Z Θ(β1) +

∑
i

ni ln (|r⃗ − r⃗0i|) + 2k
π K(k)

∑
i

ñiαi + C2,

Q = ±Z Θ(−β1)− 2k
π K(k)

∑
i

ñi ln (|r⃗ − r⃗0i|) +
∑
i

αini + C3.
(2.78)

Ðîçãëÿíåìî òåïåð âèïàäîê, êîëè øâèäêiñòü ñïiíîâî¨ õâèëi áiëüøà çà õà-

ðàêòåðíó øâèäêiñòü c , òàê ùî v > c . Äëÿ òàêîãî âèïàäêó ìè ìà¹ìî çàñòî-

ñóâàòè ¾íàäñâiòëîâå¿ Ëîðåíö�ïîäiáíå ïåðåòâîðåííÿ ïðîñòîðó, òàê ùî âèðàçè

ïåðåõîäó äî íîâèõ êîîðäèíàò (X1, X2, X3) ìàòèìóòü íàñòóïíèé âèãëÿä:

X1 = x, X2 = y, X3 =
z√

v2

c2 − 1
. (2.79)

Ïiñëÿ çàñòîñóâàííÿ òàêî¨ çàìiíè ñèñòåìà (2.60) ïðèéìà¹ âèãëÿä, äåùî
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âiäìiííèé âiä îòðèìàíîãî äëÿ âèïàäêó v < c ó (2.62) (äèâ. [27]):

∂2θL
∂X2

1
− ∂2θL

∂X2
2
− ∂2θL

∂X2
3
+

+

((
∂φ̃L

∂X1

)2
+
(
∂φ̃L

∂X2

)2
−
(
∂φ̃L

∂X3

)2
+ ω2

0

c2i
sgn β1

)
sin θL cos θL = 0,

∂
∂X3

(
sin2 θL

∂φ̃L

∂X3

)
− ∂

∂X1

(
sin2 θL

∂φ̃L

∂X1

)
− ∂

∂X2

(
sin2 θL

∂φ̃L

∂X2

)
+ = 0.

(2.80)

Ïðîòå, òàêà âiäìiííiñòü, ÿê ìîæíà áà÷èòè, ïðèñóòíÿ ëèøå ó çíàêàõ âiäïîâiä-

íèõ äîäàíêiâ.

Çàïèøåìî äëÿ ñèñòåìè (2.80) ðîçâ'ÿçîê (2.63). Îñêiëüêè ïðè âèâåäåííi

ñïiââiäíîøåíü (2.64), (2.65) íå âèêîðèñòîâó¹òüñÿ òî÷íèé âèãëÿä ïåðåòâîðåíü

ïðîñòîðó (2.61), öi ñïiââiäíîøåííÿ áóäóòü âiðíèìè i äëÿ äîñëiäæóâàíîãî âè-

ïàäêó (2.79). Îòæå, ïiäñòàâëÿþ÷è ðîçâ'ÿçîê (2.63) ó (2.80) òà âèêîðèñòîâóþ÷è

(2.64), (2.65), îòðèìó¹ìî ñèñòåìó, àíàëîãi÷íó äî (2.66):

2
1+H2

(
H ′
(

∂2P
∂X2

3
− ∂2P

∂X2
2
− ∂2P

∂X2
1

)
+

+
(
H ′′ − 2H(H ′)2

1+H2

)((
∂P
∂X3

)2
−
(

∂P
∂X2

)2
−
(

∂P
∂X1

)2))
±

±
((

∂Q
∂X3

)2
−
(

∂Q
∂X2

)2
−
(

∂Q
∂X1

)2
+ ω2

0

c2

)
2H(1−H2)
(1+H2)2 = 0,

±8H(1−H2)H ′

(1+H2)3

(
∂P
∂X3

∂Q
∂X3

− ∂P
∂X2

∂Q
∂X2

− ∂P
∂X1

∂Q
∂X1

)
+ 4H2

(1+H2)2

(
∂2Q
∂X2

3
− ∂2Q

∂X2
2
− ∂2Q

∂X2
1

)
= 0.

Îáåðåìî, ÿê i â ïîïåðåäíüîìó âèïàäêó, çíàê ¾+¿ ó âèðàçi (2.64) sin θL

òà çàïèøåìî àíàëîãi÷íó ñèñòåìó ðiâíÿíü äëÿ ôóíêöié H , P , Q . ßê ìîæíà

áà÷èòè, ðiâíÿííÿ äëÿ H áóäå òàêèì æå, ÿê i â ïîïåðåäíüîìó âèïàäêó:

H ′′ − 2H (H ′)2

1 +H2
−

H
(
1−H2

)
1 +H2

= 0,

òàê ùî ìîæåìî âèêîðèñòîâóâàòè äëÿ íüîãî ðîçâ'ÿçêè (2.71), (2.72), (2.73). Ùî

ñòîñó¹òüñÿ óìîâ íà ôóíêöi¨ P òà Q , âîíè, ÿê i ðiâíÿííÿ (2.80), âiäðiçíÿþòüñÿ

âiä âiäïîâiäíèõ óìîâ ïîïåðåäíüîãî ïàðàãðàôó (2.68)�(2.70) òiëüêè çíàêàìè

âiäïîâiäíèõ äîäàíêiâ:

∂2P

∂X2
3

− ∂2P

∂X2
2

− ∂2P

∂X2
1

= 0,
∂2Q

∂X2
3

− ∂2Q

∂X2
2

− ∂2Q

∂X2
1

= 0,

∂P

∂X3

∂Q

∂X3
− ∂P

∂X2

∂Q

∂X2
− ∂P

∂X1

∂Q

∂X1
= 0,



142

(
∂P

∂X3

)2

−
(

∂P

∂X2

)2

−
(

∂P

∂X1

)2

= −ω2
0

c2i
sgn β1+

(
∂Q

∂X3

)2

−
(

∂P

∂X2

)2

−
(

∂P

∂X1

)2

.

Â öüîìó âèïàäêó, íàâïàêè, ïðè β1 > 0 ç äâîõ ôóíêöié P òà Q ôóí-

êöiÿ P íå çàëåæèòü âiä X3 � à ôóíêöiÿ Q , âiäïîâiäíî, çàëåæèòü ëiíiéíî.

Ðîçãëÿäà¹ìî äîïóñòèìó ôóíêöiþ äâîõ çìiííèõ q(X1, X2) , òàê, ùî ôóíêöiÿ

Q âiäïîâiäíî ïåðåïèøåòüñÿ ó âèãëÿäi

Q =
ω0

ci
X3 + q (X1, X2) , P = P (X1, X2),

äàëi, çàïèñóþ÷è óìîâè Êîøi�Ðiìàíà (2.75) äëÿ ôóíêöié P òà Q ïî àíàëîãi¨

ç ïîïåðåäíiì âèïàäêîì, îòðèìó¹ìî íàñòóïíó ñèñòåìó ðiâíÿíü äëÿ ôóíêöié P

i q : 
∂P
∂X1

= − ∂q
∂X2

,

∂P
∂X2

= ∂q
∂X1

.

Âiäïîâiäíî, ïðè β1 < 0 , ìà¹ìî

P =
ω0

ci
X3 + p (X1, X2) , Q = Q(X1, X2),

∂p
∂X1

= − ∂Q
∂X2

,

∂p
∂X2

= ∂Q
∂X1

.

Òàêèì óìîâàì âiäïîâiäà¹, íàïðèêëàä, ðîçâ'ÿçîê âèãëÿäó (2.78) ïiñëÿ çà-

ìiíè β1 → −β1 , òîáòî
P = ±Z Θ(−β1) +

∑
i

ni ln (|r⃗ − r⃗0i|) + 2k
π K(k)

∑
i

ñiαi + C2,

Q = ±Z Θ(β1)− 2k
π K(k)

∑
i

ñi ln (|r⃗ − r⃗0i|) +
∑
i

αini + C3.

Çîêðåìà, ïðè íàÿâíîñòi òiëüêè îäíi¹¨ îñîáëèâî¨ òî÷êè ç |r⃗01| = 0 ïðè

ñ1 = 0 îòðèìàíi ðîçâ'ÿçêè ñïðîùóþòüñÿ äî âèãëÿäó
tg
(
θL
2

)
= b

dn
(
a
√

|C|P (X,Y,Z), k1

) ,
φL = ωHt+Q (X, Y, Z) ,

äå

a =

√
1 + 2C +

√
1 + 4C

2|C|
, b =

√
1 + 2C −

√
1 + 4C

2|C|
,
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k1 =

√
2
√
1 + 4C

1 + 2C +
√
1 + 4C

,

ïðè −1/4 < C < 0 ;
cos θL = sn

(
P (X,Y,Z)

k2
, k2

)
,

φL = ωHt+Q (X, Y, Z) ,

k2 =
1√

1 + 4C

ïðè C > 0 , X = x/l0 , Y = y/l0 òà P = ±ZiΘ(β1) + n ln (|r⃗|) + C2,

Q = ±ZiΘ(−β1) + nα + C3,
Zi =

z − vit√
1− v2i /c

2
i

,

ïðè vi < ci , òà P = ±ZiΘ(−β1) + n ln (|r⃗|) + C2,

Q = ±ZiΘ(β1) + nα + C3,
Zi =

zi − vit√
v2i /c

2
i − 1

,

ïðè vi > ci .

Ïåðåõîäÿ÷è âiä îäíîãî ÀÔÌ äî äîñëiäæóâàíî¨ ñèñòåìè ç äâîìà ÀÔÌ,

çàìiíþþ÷è β1 → βii+d2i/δi , äîäàþ÷è íåîáõiäíi íèæíi iíäåêñè i , òà îáèðàþ÷è

çíàê ïëþñ, ìà¹ìî äëÿ ðîçâ'ÿçêó ïðè C > 0 :
cos θi = sn

(
Zi+ni ln(|r⃗i|)+C2i

k2i
, k2i

)
,

φi = ωHi t+ niαi + C3i,

äå îäíî÷àñíî βii + d2i/δi < 0 , vi < ci àáî βii + d2i/δi > 0 , vi > ci .

Çîêðåìà, çà âiäñóòíîñòi çîâíiøíüîãî ìàãíiòíîãî ïîëÿ H0 = 0 ïðè ni = 1 ,

C3i = π/2 (äëÿ îáîõ ÀÔÌ), ïiñëÿ ïåðåïîçíà÷åííÿ Ri = exp{−C2i} çàçíà÷å-

íèé ðîçâ'ÿçîê íàáóâà¹ íàñòóïíîãî âèãëÿäó:
cos θi = sn

(
Zi+ln

|r⃗i|
Ri

k2i
, k2i

)
,

φi = αi +
π
2 ,

Çàóâàæèìî, ùî ñòàëà k1 ó íàâåäåíèé âèùå ðîçâ'ÿçîê íå âõîäèòü, òîìó

äëÿ çðó÷íîñòi çàïèñó ïåðåïîçíà÷èìî k2i → ki . Îäåðæó¹ìî ðîçâ'ÿçîê âèãëÿäó
cos θi = sn

(
Zi+ln

|r⃗i|
Ri

ki
, ki

)
,

φi = αi +
π
2 ,

(ki > 0).
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Äîäàòîê D

Ïàðàìåòðè ìàòåðiàëiâ

Âiçüìåìî ïàðàìåòðè: L = 50 íì, di = 0 , γ = 2µ0/ℏ = 1.759·
·107 Ãñ−1 c−1 . Îöiíèìî îáìiííèé iíòåãðàë (äèâ., íàïðèêëàä, [125])

J ≈ 3kBTN/2 òà îáìiííó ñòàëó α ≈ ja5/2(µ0)
2 . Çâiäñè, ìà¹ìî:

α ≈ (3 kBTN/2)
(
a5/2(µ0)

2
)
, óíiâåðñàëüíà îáìiííà ñòàëà (äèâ., íàïðèêëàä,

[126]) δ ≈ J/(µ0M0) , M0 ≈ µ0/a
3 , µ0 = 9.274 · 10−21 åðã/Ãñ ¹ ìàãíåòîíîì

Áîðà , kB = 1.380310−16 åðã/K ¹ ñòàëîþ Áîëüöìàíà, ℏ = 1.0546·
·10−27 åðã · c � ïðèâåäåíà ñòàëà Ïëàíêà, a � ñòàëà ðåøiòêè, TN � òåìïåðà-

òóðà Íååëÿ (ñïiââiäíîøåííÿ ìiæ íàâåäåíèìè âåëè÷èíàìè ó ñèñòåìi ÑÃÑ òà ó

ìiæíàðîäíié ñèñòåìi ÑI ìîæíà çíàéòè, íàïðèêëàä, â ìîíîãðàôi¨ [133]).

ÀÔÌ Keff , Äæ/m3 (åðã/ñì3), a, íì TN ,K

MnN 2, 4 · 104 (2, 4 · 105) [127] 0.430 � 0.438 [128] 650 [129]; 660 [130]

MnIr −2.077 · 107 (−2.077 · 108) [127] 0.364; 0.384 [23] 690; 1150 [4]

MnPt 1.39 · 106 (1.39 · 107) [126] 0.371; 0.398 [23] 970 [4]

MnNi −0.97 · 106 (−0.97 · 107) [127] 0.293; 0.289 [131] 400 [132]

Ç îãëÿäó íà ñïiââiäíîøåííÿ

β ≈ Keff/2M
2
0 ; α ≈ (3 kBTN/2)

(
a5/2(µ0)

2
)

ñì 2 [125, 126, 131];

δ ≈ (3 kBTN/2) /µ0M0 [126]; M0 ≈ µ0/a
3 [128], l0 =

√
α/|β| íì;

c = (|γ|M0/2)
√
αδ ñì/ñ, ìà¹ ìiñöå òàáëèöÿ:

AÔÌ β α δ M0 l0 c

MnN 8.8 2.9 · 10−11 1.2·105 117 18 1.9·106

MnIr -2813 1.3 · 10−11 8 · 104 192 0.69 1, 7 · 106

MnPt 211 2.1 · 10−11 1.2 · 105 182 3.1 2.5 · 106

MnNi -35.7 2.6 · 10−12 2.4 · 104 369 2.69 8.1 · 105
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Êîìáiíàöiÿ MnN (1), MnPt (2)

c212 = c21/c
2
2 = 0, 6, c12 ≈ 0, 78

L2
01 = L2/l201 = 7.7, L01 ≈ 2, 8 (L =50 íì )

L2
01 = L2/l201 = 191.6, L01 ≈ 13, 8 (L =250 íì )

L2
02 = L2/l202 = 257.3, L02 ≈ 16, 0 (L =50 íì )

L2
02 = L2/l202 = 6433, L02 ≈ 80, 2 (L =250 íì )

l212 = l201/l
2
02 = 33.6 , l12 ≈ 5, 8

Êîìáiíàöiÿ MnN (1), MnIr (2)

c212 = c21/c
2
2 = 1.23, c12 ≈ 1, 11

L2
01 = L2/l201 = 7.7, L01 ≈ 2, 8 (L =50 íì )

L2
01 = L2/l201 = 191.6, L01 ≈ 13, 8 (L =250 íì )

L2
02 = L2/l202 = 5287.6, L02 ≈ 72, 7 (L =50 íì )

L2
02 = L2/l202 = 132190, L02 ≈ 363, 6 (L =250 íì )

l212 = l201/l
2
02 = 689.7 , l12 ≈ 26, 2

Êîìáiíàöiÿ MnPt (1), MnIr (2)

c212 = c21/c
2
2 = 2.04, c12 ≈ 1, 43

L2
01 = L2/l201 = 257, 3, L01 ≈ 16, 0 (L =50 íì )

L2
01 = L2/l201 = 6433, L01 ≈ 80, 2 (L =250 íì )

L2
02 = L2/l202 = 5287.6, L02 ≈ 72, 7 (L =50 íì )

L2
02 = L2/l202 = 132190, L02 ≈ 363, 6 (L =250 íì )

l212 = l201/l
2
02 = 20.5 , l12 ≈ 4, 5

Êîìáiíàöiÿ MnNi (1), MnIr (2)

c212 = c21/c
2
2 = 0.217, c12 ≈ 0, 47

L2
01 = L2/l201 = 343, 3, L01 ≈ 18, 5 (L =50 íì )

L2
01 = L2/l201 = 8582, L01 ≈ 92, 6 (L =250 íì )

L2
02 = L2/l202 = 5287.6, L02 ≈ 72, 7 (L =50 íì )

L2
02 = L2/l202 = 132190, L02 ≈ 363, 6 (L =250 íì )

l212 = l201/l
2
02 = 15.4 , l12 ≈ 3, 92
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Äîäàòîê E

Êîä ïðîãðàìè íà ìîâi Python äëÿ ãðàôi÷íî¨ iíòåðïðåòàöi¨

ñïåêòðiâ øâèäêîñòåé íåëiíiéíèõ ñïiíîâèõ õâèëü

# Iìïîðò íåîáõiäíèõ áiáëiîòåê

import matplotlib

import numpy as np

import matplotlib.pyplot as plt

from scipy import special

# Âèçíà÷à¹ìî ïàðàìåòðè ìàòåðiàëó MnN/MnPt ó äîêðèòè÷íîìó ðå-

æèìi

material = 'Material parameters for MnN/MnPt - 1st case (subcritical

in both AFMs) v_1 < c_1, v_2 < c_2 :'

# Ôiçè÷íi ïàðàìåòðè ñåðåäîâèùà

L_01 = 2.78 L_02 = 16.13 l_12 = L_02/L_01 c_12 = 0.76

# Äiàïàçîí çíà÷åíü õâèëüîâîãî ÷èñëà k

k_min = 0.1 k_max = 0.9

# Ôóíêöiÿ äëÿ îáðàõóíêó D1 çà ôîðìóëîþ:

# D1 = (f 2 ∗ c212) + (1− c212) ∗ (L2
02 − L2

01 ∗ c212)

defD1_2(f_in, c_12_in = c12, L_01_in = L_01, L_02_in = L_02) :

D1 = (f_in ∗ ∗2) ∗ (c_12_in ∗ ∗2)+

+(1− c_12_in ∗ ∗2) ∗ (L_02_in ∗ ∗2− (L_01_in ∗ ∗2) ∗ (c_12_in ∗ ∗2))

return D1

# Ñèìâîë a ∗ ∗b îçíà÷à¹ ïiäíåñåííÿ ÷èñëà a äî ñòåïåíÿ b

# Ôóíêöiÿ äëÿ îáðàõóíêó D2 çà ôîðìóëîþ:

# D2 = f 2 ∗ c−2
12 +

(
1− c−2

12

)
∗
(
L2
01 − L2

02 ∗ c−2
12

)
defD2_2(f_in, c_12_in = c_12, L_01_in = L_01, L_02_in = L_02) :

D2 = (f_in ∗ ∗2) ∗ (c_12_in ∗ ∗(−2))+

+(1−c_12_in∗∗(−2))∗ (L_01_in∗∗2− (L_02_in∗∗2)∗ (c_12_in∗∗(−2)))

return D2
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# Ôóíêöiÿ äëÿ îáðàõóíêó (v1/c1)
2 çà ôîðìóëîþ (2.32) (çíàê ¾+¿)

def v1_c1_plus_2(f_in, c_12_in = c_12, L_01_in = L_01,

L_02_in = L_02, l_12_in = l_12) :

D1 = D1_2(f_in, c_12_in = c_12_in, L_01_in = L_01_in,

L_02_in = L_02_in)

res = (f_in ∗ ∗4+
+(f_in ∗ ∗2) ∗ (L_02_in ∗ ∗2) ∗ ((l_12_in ∗ ∗(−2)) ∗ (c_12_in ∗ ∗2− 1)− 2)+

+(L_01_in ∗ ∗2) ∗ (L_02_in ∗ ∗2) ∗ (l_12_in ∗ ∗2 + (l_12_in ∗ ∗(−2)) ∗
(c_12_in∗∗2)−1− c_12_in∗∗2)+2∗f_in∗ (L_01_in∗∗2)∗np.sqrt(D1))/

/
(
(f_in ∗ ∗2− L_02_in ∗ ∗2 + (L_01_in ∗ ∗2) ∗ (c_12_in ∗ ∗2)

)
∗ ∗2)

return res

# Ôóíêöiÿ äëÿ îáðàõóíêó (v1/c1)
2 çà ôîðìóëîþ (2.32) (çíàê ¾-¿)

def v1_c1_minus_2(f_in, c_12_in = c_12, L_01_in = L_01, L_02_in =

L_02, l_12_in = l_12) :

D1 = D1_2(f_in, c_12_in = c_12_in, L_01_in = L_01_in, L_02_in =

L_02_in)

res =
(
f_in ∗ ∗4+

+(f_in ∗ ∗2) ∗ (L_02_in ∗ ∗2) ∗ (l_12_in ∗ ∗(−2) ∗ (c_12_in ∗ ∗2− 1)− 2)+

+(L_01_in∗∗2)∗(L_02_in∗∗2)∗(l_12_in∗∗2+(l_12_in∗∗(−2))∗(c_12_in∗

∗2)− 1− c_12_in ∗ ∗2)− 2 ∗ f_in ∗ (L_01_in ∗ ∗2) ∗ np.sqrt(D1)
)
/

/
(
(f_in ∗ ∗2− L_02_in ∗ ∗2 + (L_01_in ∗ ∗2) ∗ (c_12_in ∗ ∗2)) ∗ ∗2

)
return res

# Ôóíêöiÿ äëÿ îáðàõóíêó (v2/c2)
2 çà ôîðìóëîþ (2.33) (çíàê ¾+¿)

def v2_c2_plus_2(f_in, c_12_in = c_12, L_01_in = L_01,

L_02_in = L_02, l_12_in = l_12) :

D2 = D2_2(f_in, c_12_in = c_12_in, L_01_in = L_01_in,

L_02_in = L_02_in)

res =
(
f_in ∗ ∗4 + (f_in ∗ ∗2) ∗ (L_01_in ∗ ∗2) ∗ (l_12_in ∗ ∗2 ∗ (c_12_in ∗

∗(−2)−1)−2)+(L_01_in∗∗2)∗(L_02_in∗∗2)∗(l_12_in∗∗(−2)+(l_12_in∗
∗2) ∗ (c_12_in ∗ ∗(−2))− 1− c_12_in ∗ ∗(−2)) + 2 ∗ f_in ∗ (L_02_in ∗ ∗2) ∗
np.sqrt(D2)

)
/
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/
(
(f_in ∗ ∗2− L_01_in ∗ ∗2 + (L_02_in ∗ ∗2) ∗ (c_12_in ∗ ∗(−2))) ∗ ∗2

)
return res

# Ôóíêöiÿ äëÿ îáðàõóíêó (v2/c2)
2 çà ôîðìóëîþ (2.33) (çíàê ¾-¿)

def v2_c2_minus_2(f_in, c_12_in = c_12, L_01_in = L_01,

L_02_in = L_02, l_12_in = l_12) :

D2 = D2_2(f_in, c_12_in = c_12_in, L_01_in = L_01_in,

L_02_in = L_02_in)

res =
(
f_in ∗ ∗4 + (f_in ∗ ∗2) ∗ (L_01_in ∗ ∗2) ∗ (l_12_in ∗ ∗2 ∗ (c_12_in ∗

∗(−2)−1)−2)+(L_01_in∗∗2)∗(L_02_in∗∗2)∗(l_12_in∗∗(−2)+(l_12_in∗
∗2) ∗ (c_12_in ∗ ∗(−2))− 1− c_12_in ∗ ∗(−2))− 2 ∗ f_in ∗ (L_02_in ∗ ∗2) ∗
np.sqrt(D2)

)
/

/
(
(f_in ∗ ∗2− L_01_in ∗ ∗2 + (L_02_in ∗ ∗2) ∗ (c_12_in ∗ ∗(−2))) ∗ ∗2

)
return res

# Âèçíà÷à¹ìî êiëüêiñòü êðîêiâ äëÿ k

n_k = 50 # êiëüêiñòü çíà÷åíü k

kk = np.linspace(k_min, k_max, n_k)

# ëiíiéíå ðîçáèòòÿ çíà÷åíü k âiä k_min äî k_max

# Âèçíà÷à¹ìî ìàêñèìàëüíi çíà÷åííÿ äëÿ M i N

Mmax = 100 # Ìàêñèìàëüíå çíà÷åííÿ M

Nmax = 500 # Ìàêñèìàëüíîå çíà÷åíèå N

# Âèçíà÷à¹ìî êðîêè äëÿ M i N

stepM = 1 # Êðîê çìiíè M

stepN = 1 # Êðîê çìiíè N

# Ñòâîðåííÿ ìàñèâiâ äëÿ M i N ç çàäàíèìè êðîêàìè

M = np.arange(1, stepM ∗Mmax, stepM)

# Ìàñèâ çíà÷åíü M âiä 1 äî Mmax ç êðîêîì stepM

N = np.arange(1, stepN ∗Nmax, stepN)

# Ìàñèâ çíà÷åíü N âiä 1 äî Nmax ç êðîêîì stepN

# Còâîðåííÿ ïîðîæíiõ ñïèñêiâ äëÿ çáåðåæåííÿ ðåçóëüòàòiâ ðîçðàõóí-

êiâ

v1_c1 = [] # Âiäíîøåííÿ v1/c1
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v2_c2 = [] # Âiäíîøåííÿ v2/c2

k_c = [] # Õâèëüîâå ÷èñëî k

nu_l_01_c1 = [] # Êîåôiöè¹íò ν × l01/c1

nu_l_02_c2 = [] # Êîåôiöè¹íò ν × l02/c2

# Îñíîâíèé öèêë ïåðåáîðó çíà÷åíü k , M , N

for i_k , k in enumerate(kk) : #Ïåðåáèðàííÿ çíà÷åíü õâèëüîâîãî ÷èñëà k

K = special.ellipk(k ∗ ∗2) # Îáðàõóíîê ïîâíîãî åëiïòè÷íîãî iíòåãðàëó ïåð-

øîãî ðîäó K(k2)

for i , m in enumerate(M) : #Ïåðåáèðàííÿ çíà÷åíü M

for j , n in enumerate(N) : #Ïåðåáèðàííÿ çíà÷åíü N

#Îáðàõóíîê ÷àñòîòè f çà ôîðìóëîþ

f = 4 ∗ k ∗K ∗M [i]/N [j]

#Îáðàõóíîê âèðàçiâ D1 i D2

D1 = D1_2(f, c_12_in = c_12, L_01_in = L_01, L_02_in = L_02)

D2 = D2_2(f, c_12_in = c_12, L_01_in = L_01, L_02_in = L02)

# Ìiíiìàëüíi äîïóñòèìi çíà÷åííÿ äëÿ v1/c1 i v2/c2

v1_c1_min = 0

v2_c2_min = 0

# Ïåðåâiðÿ¹ìî, ùîá D1 i D2 áóëè äîäàòíiìè

if D1 > 0 and D2 > 0 :

# Îáðàõîâó¹ìî ìîæëèâi çíà÷åííÿ (v1/c1)
2 i (v2/c2)

2

v1_c1_plus_i_j = v1_c1_plus_2(f, c_12_in = c_12,

L_01_in = L_01, L_02_in = L_02, l_12_in = l_12)

v1_c1_minus_i_j = v1_c1_minus_2(f, c_12_in = c_12,

L_01_in = L_01, L_02_in = L_02, l_12_in = l_12)

v2_c2_plus_i_j = v2_c2_plus_2(f, c_12_in = c_12,

L_01_in = L_01, L_02_in = L_02, l_12_in = l_12)

v2_c2_minus_i_j = v2_c2_minus_2(f, c_12_in = c_12,

L_01_in = L_01, L_02_in = L_02, l_12_in = l_12)

# Ïåðåâiðÿ¹ìî óìîâè äëÿ íåîáõiäíèõ çíà÷åíü òà ôîðìó¹ìî äëÿ íèõ

ìàñèâè
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if v1_c1_min < v1_c1_minus_i_j < 1 and

v2_c2_min < v2_c2_minus_i_j < 1 :

v1_c1.append(np.sqrt(v1_c1_minus_i_j))

v2_c2.append(np.sqrt(v2_c2_minus_i_j))

k_c.append(k)

nu_l_01_c1.append(np.sqrt(v1_c1_minus_i_j)/

/(4 ∗ k ∗K ∗ np.sqrt(1− v1_c1_minus_i_j)))

nu_l_02_c2.append(np.sqrt(v2_c2_minus_i_j)/

/(4 ∗ k ∗K ∗ np.sqrt(1− v2_c2_minus_i_j)))

if v1_c1_min < v1_c1_plus_i_j < 1 and

v2_c2_min < v2_c2_minus_i_j < 1 :

v1_c1.append(np.sqrt(v1_c1_plus_i_j))

v2_c2.append(np.sqrt(v2_c2_minus_i_j))

k_c.append(k)

nu_l_01_c1.append(np.sqrt(v1_c1_plus_i_j)/

/(4 ∗ k ∗K ∗ np.sqrt(1− v1_c1_plus_i_j)))

nu_l_02_c2.append(np.sqrt(v2_c2_minus_i_j)/

/(4 ∗ k ∗K ∗ np.sqrt(1− v2_c2_minus_i_j)))

if v1_c1_min < v1_c1_minus_i_j < 1 and

v2_c2_min < v2_c2_plus_i_j < 1 :

v1_c1.append(np.sqrt(v1_c1_minus_i_j))

v2_c2.append(np.sqrt(v2_c2_plus_i_j))

k_c.append(k)

nu_l_01_c1.append(np.sqrt(v1_c1_minus_i_j)/

/(4 ∗ k ∗K ∗ np.sqrt(1− v1_c1_minus_i_j)))

nu_l_02_c2.append(np.sqrt(v2_c2_plus_i_j)/

(4 ∗ k ∗K ∗ np.sqrt(1− v2_c2_plus_i_j)))

if v1_c1_min < v1_c1_plus_i_j < 1 and



151

v2_c2_min < v2_c2_plus_i_j < 1 :

v1_c1.append(np.sqrt(v1_c1_plus_i_j))

v2_c2.append(np.sqrt(v2_c2_plus_i_j))

k_c.append(k)

nu_l_01_c1.append(np.sqrt(v1_c1_plus_i_j)/

/(4 ∗ k ∗K ∗ np.sqrt(1− v1_c1_plus_i_j)))

nu_l_02_c2.append(np.sqrt(v2_c2_plus_i_j)/(4 ∗ k ∗ K ∗ np.sqrt(1 −
v2_c2_plus_i_j)))

# Ïåðåòâîðåííÿ ñïèñêiâ ó ìàñèâè â NumPy v1_c1 = np.array(v1_c1)

v2_c2 = np.array(v2_c2)

k_c = np.array(k_c)

nu_l_01_c1 = np.array(nu_l_01_c1)

nu_l_02_c2 = np.array(nu_l_02_c2)

# Ïåðøèé 3D-ãðàôiê: çàëåæíiñòü v1/c1 âiä v2/c2 òà k

colors = k_c

�g = plt.�gure(�gsize=(6, 6))

ax = fig.add_subplot(projection =′ 3d′)

ax.set_xlabel(� + r' $ v_1/c_1 $', fontsize=20)

ax.set_ylabel(� + r' $ v_2/c_2 $', fontsize=20)

sc = ax.scatter(v1_c1, v2_c2, k_c, c=colors, cmap='jet')

c_bar = plt.colorbar(sc, shrink=0.6)

c_bar.set_label(r'$ k $', fontsize=16, rotation=0)

ax.tick_params(axis='both', which='major', labelsize=16)

ax.tick_params(axis='both', which='minor', labelsize=16)

c_bar.ax.tick_params(labelsize=16)

plt.tight_layout()

ax.view_init(-140, -30)

plt.show()
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# Äðóãèé 3D-ãðàôiê: çàëåæíiñòü (νSW ∗ l01/c1) âiä v1/c1 i k

�g = plt.�gure(�gsize=(6, 6))

ax = �g.add_subplot(projection='3d')

ax.set_xlabel(� + r'$ nu_SW /(l_01*c_1)$', fontsize=20)

ax.set_ylabel(� + r' $ v_1 /c_1 $', fontsize=20)

sc = ax.scatter(nu_l_01_c1, v1_c1, k_c, c=colors, cmap='jet')

c_bar = plt.colorbar(sc, shrink=0.6)

c bar.setlabel(r′$k$′, fontsize = 16, rotation = 0)

ax.tick_params(axis =′ both′, which =′ major′, labelsize = 16)

ax.tick_params(axis =′ both′, which =′ minor′, labelsize = 16)

c_bar.ax.tick_params(labelsize = 16)

plt.tight_layout()

plt.show()

# Òðåòié 3D-ãðàôiê: çàëåæíiñòü νSW ∗ l02/c2 âiä v2/c2 i k �g =

plt.�gure(�gsize=(6, 6))

ax = �g.add subplot(projection =′ 3d′)

ax.set_xlabel(′′+r′$nu_SWl_02/c_2$′, fontsize = 20)

ax.set_ylabel(′′+r′$v_2/c_2$′, fontsize = 20)

sc = ax.scatter(nu_l_02_c2, v2_c2, k_c, c = colors, cmap =′ jet′)

c_bar = plt.colorbar(sc, shrink = 0.6)

c_bar.setlabel(r′$k$′, fontsize = 16, rotation = 0)

ax.tickparams(axis =′ both′, which =′ major′, labelsize = 16)

ax.tickparams(axis =′ both′, which =′ minor′, labelsize = 16)

c_bar.ax.tick_params(labelsize = 16)

plt.tight_layout()

plt.show()
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Äîäàòîê F

Ïðàöi, â ÿêèõ îïóáëiêîâàíi îñíîâíi íàóêîâi ðåçóëüòàòè äèñåðòàöi¨

1. Gorobets O.Yu., Kulish V.V., Syzon I.A., Theory of propagation

of nonlinear spin wave through an antiferromagnetic magnonic crystal with

four�sublattice interfaces. Journal of Magnetism and Magnetic Materials. 2023.

Vol. 587, Article ID: 171266. (Ïðèíàëåæíiñòü äî áàçè Scopus i Web of Science)

2. Gorobets O.Yu., Kulish V.V., Syzon I. A., Provolovska D.V. Supercriti-

cal Propagation of Nonlinear Magnetization Wave Through an Antiferromagnetic

Magnonic Crystal. Vladymyrskyi I., Hillebrands B., Serha A., Makarov D.,

Prokopenko O. (eds) Functional Magnetic and Spintronic Nanomaterials. NATO

2023. NATO Science for Peace and Security Series B: Physics and Biophysics.

2024. Dordrecht: Springer, P. 147�175. (Ïðèíàëåæíiñòü äî áàçè Scopus)

Ïóáëiêàöi¨, ÿêi çàñâiä÷óþòü àïðîáàöiþ ìàòåðiàëiâ äèñåðòàöi¨

3. Gorobets O.Yu., Kulish V.V., Syzon I. A., Provolovska D.V. Ultrafast

propagation of nonlinear spin wave through an atiferromagnetic magnonic crystal.

Proceedings of the XIX international scienti�c conference ¾ELECTRONICS

AND APPLIED PHYSICS APHYS 2023¿. 2023. Kyiv, Ukraine, October, 17-

21, 2023, Taras Shevchenko National University of Kyiv Faculty of RadioPhysics,

Electronics and Computer Systems, P. 21.

4. Syzon I., Gorobets O., Kulish V., Supercritical propagation of nonli-

near magnetization wave through an antiferromagnetic magnonic crystal. Book

of Abstracts of Bogolyubov Kyiv Conference ¾Problems of Theoretical and

Mathematical Physics¿ dedicated to the 115-th anniversary of the outstanding

theoretician in physics and mathematics Mykola Bogolyubov, Bogolyubov Institute

for Theoretical Physics (Sections 1�4). 2024. Kyiv, Bogolyubov Institute for

Theoretical Physics, 24�26 September 2024, p. 37.
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Àïðîáàöiÿ ìàòåðiàëiâ äèñåðòàöi¨

Îñíîâíi ïîëîæåííÿ äèñåðòàöi¨ îïðèëþäíåíi íà íàóêîâî-ïðàêòè÷íèõ

êîíôåðåíöiÿõ: ìiæíàðîäíèõ: ¾ELECTRONICS AND APPLIED PHYSICS

APHYS 2023¿ (Êè¨â, 2023), Bogolyubov Kyiv Conference ¾Problems of Theoreti-

cal and Mathematical Physics¿ (Êè¨â, 2024); íàóêîâèõ ñåìiíàðàõ: êàôåäðè çà-

ãàëüíî¨ ôiçèêè òà ìîäåëþâàííÿ ôiçè÷íèõ ïðîöåñiâ Íàöiîíàëüíîãî òåõíi÷íîãî

óíiâåðñèòåòó Óêðà¨íè ¾Êè¨âñüêèé ïîëiòåõíi÷íèé iíñòèòóò iìåíi Iãîðÿ Ñiêîð-

ñüêîãî¿ òà êàôåäðè çàãàëüíî¨ ôiçèêè Íàöiîíàëüíîãî òåõíi÷íîãî óíiâåðñèòåòó

Óêðà¨íè ¾Êè¨âñüêèé ïîëiòåõíi÷íèé iíñòèòóò iìåíi Iãîðÿ Ñiêîðñüêîãî¿.
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